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The Longest Restricted Common Subsequence ProblemJ. W. Hunt and T. G. Szymanski [10] have presented O((m+ r) � log n)-time andO(m + r)-space algorithm, where m;n are lengths of strings and r = jfhi; ji : ai =bj; 1 � i � m; 1 � j � ngj. G. Andrejkov�a, Y. Robert and M. Tchuente [1, 15,16] have presented systolic systems for LCS Problem with the combined complexitymeasures - A�T 2 = O(n3) and A�P 2 = O(n2), where A;T; P are complexitymeasures:area, time and period.D. S. Hirschberg and L. L. Larmore [7] have discussed a generalization of LCSProblem, which is called Set LCS Problem (SLCS Problem) of two strings wherehowever the strings are not of the same type. The �rst string is a sequence of thesymbols and the second string is a sequence of subsets over an alphabet 
. Theelements of each subset can be used as an arbitrary permutation of elements in thesubset. The longest common subsequence in this case is a sequence of symbols withmaximal length. The SLCS Problem has an application to problems in computerdriven music [7]. D. S. Hirschberg and L.L. Larmore have presented O(m � n)-timeand O(m+ n)-space algorithm, m;n are lengths of strings.The Set-Set LCS Problem (SSLCS Problem) is discussed by D. S. Hirschberg andL. L. Larmore [8] in 1989. In this case both strings are the strings of subsets over analphabet 
. In the paper is presented an O(m � n)-time algorithm which solves thegeneral SSLCS Problem.In this paper we present an algorithm for special case of the LCS Problem, itmeans Longest Restricted Common Subsequence Problem (LRCS Problem) and itsusing to the solution of SSLCS Problem.2 Basic De�nitionsIn this section, some basic de�nitions and results concerning to LRCS Problem andSSLCS Problem are presented.Let 
 be a �nite alphabet, j
j = s; P (
) the set of all subsets of 
; jP (
)j = 2s.Let A = a1a2 : : : am; ai 2 
; 1 � i � m be a string over an alphabet 
, jAj = mis the length of the string A. A sequence of indices, hA = hA0 hA1 hA2 : : : hAkA; 0 = hA0 <hA1 < hA2 < : : : < hAkA = m; 1 � kA � m is a partition of the string A.The sequence hA divides the string A in the following way:A = ja1a2 : : : ahA1 jahA1 +1 : : : ahA2 j : : : jahAk�1+1 : : : ahAkA j = substA1 : : : substAkA, wheresubstAi = ahAi�1+1 : : : ahAi ; 1 � i � kA. A pair [A;hA] is called the string with thepartition. 
(substAr ) is the alphabet of the substring substAr .For example, 
 = fa; b; c; d; eg, A = jabcjdababcajbdjdaaj;m= 15, hA = 0; 3; 10;12; 15; substA1 = abc; substA2 = dababca; substA3 = bd; substA4 = daa.A string C = c1c2 : : : cp; 1 � p � m is a restricted subsequence of the string withthe partition [A;hA], i�1. there exists a sequence of indices 1 � i1 < i2 < : : : < ip � m such thatait = ct; 1 � t � p, and2. if hAr�1 < iu; iv � hAr then cu 6= cv, for all r, 1 � r � kA,(this means that each element of an alphabet 
(substAr ) can be used in C onceat most). 15



Proceedings of the Prague Stringology Club Workshop '98The string C is a common restricted subsequence of two strings with partition[A;hA] and [B;hB] if C is the restricted subsequence of [A;hA] and C is the restrictedsubsequence of [B;hB] at once. jCj is the length of the restricted common subse-quence.The string C is a longest common restricted subsequence of two strings with par-tition [A;hA] and [B;hB] if C is a common restricted subsequence of the maximallength.For example, 
 = fa; b; cg; A = jabajabacacjbabj;m = 12; B = jbabcjcacjcbcbj; n =11. The string C = bacb is the restricted subsequence, C 0 = bacab is the longestrestricted common subsequence but the string D = babccbb is not the restrictedcommon subsequence for [A;hA] and [B;hB] as it can be seen in Figure 1. The stringC" = babcacbb is the longest common subsequence of the strings A = abaabacacbaband B = babccaccbcb if the partition does not matter.m m m m m m m m m m m mm m m m m m m m m m ma b a a b a c a c b a bb a b c c a c c b c bA=B=Figure 1. Restricted longest common subsequence of two strings A and B.���� ��� !!!!!!!!����� ����A string of sets A over an alphabet 
 is any �nite sequence of sets from P (
).Formally, A = A1A2 : : : Am; Ai 2 P (
); 1 � i � m, m is the number of sets in thestring A. The length of the symbol string described by A is M = �mi=1jAij.A string of symbols C = c1c2 : : : cp; ci 2 
; 1 � i � p, is subsequence of symbols (inshort, a subsequence) of string A if there is nonincreasing mapping F : f1; 2; : : : ; pg !f1; 2; : : : ;mg, such that1. if F (i) = k then ci 2 Ak, for i = 1; 2; : : : ; p2. if F (i) = k and F (j) = k and i 6= j then ci 6= cj.Let A = A1 : : : Am;B = B1 : : : Bn; 1 � m � n, be two strings of sets over thealphabet 
. The string of symbols C is a common subsequence of symbols of A andB is C a subsequence of symbols of A and C is a subsequence of symbols of the stringB. The longest common subsequence problem of the strings A and B (SSLCS(A;B)consists of �nding a common subsequence of symbols C of the maximal length.The length of SSLCS(A;B) will be denoted LSSLCS(A;B). Note that C is notunique in general way.m m m m m m m mm m m m m m m m m m ma d c a b e b ad e c a d e b d c b dA=B=Figure 2. Longest common subsequence of two set strings A and B.f gf gf g��� ��� f gf gf gf g���16



The Longest Restricted Common Subsequence ProblemFor example, let 
 = fa; b; c; d; eg;A = fa; dgfa; b; cgfa; b; eg;B = fc; d; egfa; d; egfb; c; dgfb; dg. C = abc is a common subsequence of symbols and C 0 = adbcb andC 00 = dcaeb are the longest common subsequences of symbols for A;B. C 00 can beseen in Figure 2.3 Algorithm for LRCS ProblemDesignation.� A[i::k] = aiai+1 : : : ak, for 1 � i � k � m,� hi; ji represents i-th position in the string with the partition [A;hA] and j-thposition in [B;hB], there exist indices r; s such that 1 � r � kA; 1 � s � kBand hAr�1 < i � hAr ; hBs�1 < j � hBs ,� LRCS(A,B) is the longest restricted common subsequence of strings [A;hA] and[B;hB],� LLRCS(A;B) is the length of LRCS(A,B),� L(i; j) = LLRCS(A[1::i]; B[1::j]).Principle of the recursive algorithm:LLRCS(A;B) = maxjCjfjCj : C is the restricted common subsequence of [A;hA]and [B;hB]g.Recursive version of the algorithm is constructed according to the following idea:If an element ct = akt = blt is in the LRCS([A;hA]; [B;hB]) thenLLRCS([A;hA]; [B;hB]) = 1+ LLRCS([A[1::kt � 1]; hA0]; [B[1::lt� 1]; hB0])+LLRCS([A[kt + 1::m]; hA00]; [B[lt+ 1::n]; hB00]);where hA0 ; hA00 ; hB0; hB00 are partitions of the related substrings. The recursive versionof the algorithm has the exponential time complexity.A modi�ed Hirschberg's method [6] will be used in the construction of the followingtime-polynomial algorithm.A pair h0; 0i is a 0-candidate with an empty generating sequence.A pair of indices hi; ji; 1 � i � m; 1 � j � n; hAr�1 < i � hAr ; hBs�1 < j � hBs , willbe named a k-candidate, k � 1, i�1. ai = bj, and2. there exists a sequence of pairs which is called a generating sequence:h0; 0i = hi0; j0i; hi1; j1i; : : : ; hik�1; jk�1i such that ik�1 < i and jk�1 < j andhit; jti is the t-candidate with the generating sequence hi0; j0i; hi1; j1i; : : : ;hit�1; jt�1i and (ait 6= ai or (it � hAr�1) and (bjt 6= bj or jt � hBs�1) for0 � t � k � 1. 17



Proceedings of the Prague Stringology Club Workshop '98The set of all k-candidates will be designed Ck and the generating sequence of k-candidate will be designed Ik�1.For example, h1; 2i; h2; 1i; h3; 2i; h2; 3i; h9; 4i; h9; 5i; h10; 6i 2 C1, h3; 2i; h9; 4i; h9; 5i;h10; 6i 2 C2, h9; 4i; h9; 5i; h10; 6i 2 C3; h10; 6i 2 C4; : : : for the strings with partitionsA = jabajabacacjbabj; B = jbabcjcacjcbcbj.Remark. hi; ji; hAr�1 < i � hAr ; hBs�1 < j � hBs is 1-candidate with the generatingsequence h0; 0i if ai = bj.Lemma 3.1 If the pair hi; ji; hAr�1 < i � hAr ; hBs�1 < j � hBs is a k-candidate thenL(i; j) � k.Proof. Let k=1 and hi; ji is 1-candidate with the generating sequence h0; 0i. ai = bj,then L(i; j) � 1. Let hi; ji be a k-candidate. There exist two sequences of indicessuch that i1 < i2 < : : : < ik�1 < i and j1 < j2 < : : : < jk�1 < j. hik�1; jk�1i isk � 1-candidate and we suppose L(ik�1; jk�1) � k � 1. ai = bj and ait = bjt for1 � t � k� 1. The string C = ai1ai2 : : : aik�1ai is the restricted common subsequenceof A[1::i] and B[1::j] because of if hAr�1 < it; iu � hAr then ait 6= aiu is ful�lled for allr; 1 � r � kA. Analogously for B[1::j]. It follows that L(i; j) � L(ik�1; jk�1)+ 1 � k.2Lemma 3.2 If L(i; j) = k then there exists k-candidate hi�; j�i with the generatingsequence Ik�1 such that i� � i and j� � j and L(i�; j�) = k.Proof. If L(i; j) = k then there is the restricted common subsequence C = c1c2 : : : ckwhich is created by elements in the positions determined by sequences 1 � i1 < i2 <: : : < ik � i; 1 � j1 < j2 < : : : < jk � j, such that ait = ct = bjt for 1 � t � k, andfrom the de�nition of the restricted common subsequence follows:1. if hAr�1 < iu; iv � hAr , then aiu 6= aiv, for 1 � r � kA, and2. if hBs�1 < ju; jv � hBs , then bju 6= bjv , for 1 � s � kB,Let iu; iv 2 fi1; : : : ; ikg. The 1. condition can be formulated as not (hAr�1 < iu; iv �hAr ) or aiu 6= aiv . The �rst part means that iu; iv are not in the same interval ofthe partition hA. If iu < iv � hAr then iu � hAr�1. The condition can be explainedaiv 6= aiu or iu � hAr�1. Analogously for the condition 2.Suppose that i� = ik; j� = jk and hAr�1 < ik � hAr ; hBs�1 < jk � hBs . The pairhik; jki is the k-candidate with the generating sequence h0; 0i; hi1; j1i; : : : ; hik�1; jk�1i,since aik = bjk and for all t; 1 � t � k � 1, the pair hit; jti is the t-candidate with thegenerating subsequence It�1 and (ait 6= aik or it � hAr�1) and (bjt 6= bjk or jt � hBs�1).2Lemma 3.3 Let C = c1c2 : : : ck = ai1ai2 : : : aik = bj1bj2 : : : bjk be the longest restrictedcommon subsequence of A[1::i] and B[1::j] and L(i; j) = k is its length. Let hAr�1 <i+ 1 � hAr ; hAs�1 < j + 1 � hBs . Let Cond A is the following condition:ai+1 = bj+1 and (ai+1 6= ait or (it � hAr�1)) and (bj+1 6= bjt or (jt � hBs�1)) for allt; 1 � t � k.If the Cond A is ful�lled then hi+1; j+1i is (k+1)-candidate and L(i+1; j+1) =L(i; j) + 1, and the longest restricted common subsequence is C� = c1c2 : : : ckai+1. IfCond A is not ful�lled then L(i+1,j+1)=max fL(i; j+1); L(i+1; j)g and the longestrestricted common subsequence is in the same form as for maxfL(i; j+1); L(i+1; j)g.18



The Longest Restricted Common Subsequence ProblemProof. Suppose that Cond A is ful�lled. The sequence hi1; j1i; : : : ; hik; jki is thegenerating sequence for (k+1)-candidate hi+1; j+1i since ik < i+1; jk < j+1, andfor all t; 1 � t � k the pair hit; jti is t-candidate with the generating subsequence It�1and (ait 6= ai+1 or it � hAr�1) and (bj+1 6= bjt or jt � hBs�1). If assumptions of lemmaare not ful�lled then hi+ 1; j + 1i is not (k+1)-candidate and L(i+ 1; j + 1) can notbe greater than L(i; j + 1) or L(i+ 1; j). 2Lemma 3.3 is the base for the construction of the algorithm for a computing ofthe restricted longest common subsequence of two strings with partitions. We use thedynamic data structure for the construction of linear lists representing the generatingsequences of k-candidates, k = 1; 2; : : : as follows:SSSSw - - - 


q q qpm ik jk i1 j1ik�1jk�1Algorithm will work with the following data types{Omega is an alphabet of strings;}type vertex = record {element of generating sequence}x, y : integer; {indices}p: pointer;end;type pointerv = ^vertex; {pointer to the element ofthe generating sequence }type genseq = record {record of the length and pointer}length: integer; {to the generating sequence}pt: pointer;end;The de�nition of the k-candidate gives the method for the construction of thek-candidate if the generating sequence is known. The next function Candidate �ndsif the element hi; ji is a potential k-candidate with a generating subsequence withpointer pm.function Candidate(pm: pointer; ab: Omega; uA, uB: integer): Boolean;{It returns the value "true" if <i,j> is a potential k-candidateelse returns "false".pm - pointer to the generating subsequence,ab - the candidate in positions i, j,uA, uB - upper bounds of intervals for current positionsi, j: uA<=i, uB<=j.}var pp:pointerv; q: Boolean; ii, jj:integer;19



Proceedings of the Prague Stringology Club Workshop '98beginpp:= pm; q:=true;while (pp<>nil) and q dobeginii:=pp^.x; jj:=pp^.y;if (a[ii]=ab) and (ii>=uA)or (b[jj]=ab) and (jj>=uB) then q:=false;pp:= pp^.pend;Candidate:= q;end; {Candidate}Lemma 3.4 The function Candidate computes the value true if hi; ji is a potentialk-candidate else the value false in O(k)-time.Proof. pm is a pointer to the generating sequence of pairs hi; ji, hi; ji is k-candidate.The function Candidate computes the value false if in this sequence there exists hi�; j�isuch that ai� = ai = bj and i� � uA or bj� = ai = bj and j� � uB. It means thatthe condition of k-candidate for hi; ji is not ful�lled. In the other case Candidategives the value true, hi; ji is k-candidate with the given generating sequence. Timecomplexity is O(k) because of each element of the generating sequence is comparedwith ai k-times in the worst case. 2The function Candidate is used in the algorithm for computing a longest restrictedcommon subsequence of two strings with some partitions.ALGORITHM A:fAlgorithm constructs a longest restricted common subsequence of two strings withpartitions.gInput: [A;hA]; [B;hB] - two strings of symbols with partitions over alphabet Omega;Output: pptr - pointer to the longest restricted common subsequence of A and B;Variables:Arrays C, D[0. .m] of the type genseq.C[i], D[i] - pointers to the longest common subsequences of A[1. .i] and B[1. .j];hA[1::kA]; hB[1::kB] - arrays of partitions of the strings A and B;uA; uB - upper bounds of intervals for current positions i; j : uA � i; uB � j.dA, dB - the recent numbers of intervals in the partitions,pp - a pointer to the vertex.Method:beginfor i:=0 to n dobeginD[i].pt:=nil; D[i].length:=0;end;C[0].pt:=nil; C[0].length:=0; 20



The Longest Restricted Common Subsequence ProblemdA:=1; uA:=1;for i:=1 to m dobeginif i>hA[dA] then begin inc(dA); uA:=hA[dA-1]+1 end;dB:=1; uB:=1;for j:=1 to n dobeginif j>hB[dB] then begin inc(dB); uB:=hB[dB-1]+1 end;if a[i]=b[j] then q:=Candidate(D[j-1].pt,a[i],uA,uB)else q:=false;if q thenbeginnew(pp);pp^.p:=D[i-1].pt; pp^.x:=i; pp^.y:=j;C[i].pt:=pp; C[i].length:=D[i-1].length+1;end elseif D[i].length>=C[i-1].length then C[i]:=D[i]else C[i]:=C[i-1];{Invariant1}end;for j:=1 to n do D[j]:=C[j];{Invariant2}end;len := C[n].length; pptr := C[n].pt;{ "len" contains the length of the longest restricted commonsubsequence and C[n].pt contains pointer to the LRCS(A,B)}writeln('Length LRCS(A,B) =', len:3);while pptr<>nil dobeginwrite(pptr^.x:3,pptr^.y:3,'**');pptr:=pptr^.pend;end;Theorem 3.1 The Algorithm A computes correctly LRCS(A;B) in O(m �n �p)-timeand O(n + r)-space, where p is the length of LRCS(A;B) and r = jfhi; ji : ai =bj; 1 � i � m; 1 � j � ngj.Proof. We specify the invariants of the cycles in the algorithm A.Invariant1:C[j0] contains the length and the pointer to the LCSS(A[1::i]; B[1::j0]), for 1 �j0 � j, and C[j�] contains the length and the pointer to the LRCS(A[1::i�1]; B[1::j�])for j < j� � n.Invariant2:C[j];D[j] contains the length and the pointer to the LRCS(A[1::i]; B[1::j]) for1 � j � n and i � n. 21



Proceedings of the Prague Stringology Club Workshop '98The correctness of the algorithm follows immediately from the Invariant1 andInvariant2.Time complexity: The function Candidate requires O(k) steps, k � p, and it canbe repeated at most m � n times. Thus, total time is O(m � n � p).Space complexity: The arrays C, D require O(n) space, strings [A;hA] and [B;hB]require O(m+ n) space. If ai = bj then function Candidate can give a value true andin this case a next element is added to the dynamic data structure that requires O(r)space. If m � n then the algorithm requires O(n + r) space. 2Let Ck be the set of all k-candidates, for some k � 1. Partial ordering "�" canbe de�ned on Ck in the following way:hi; ji � hi�; j�i i� i � i� and j � j�, for hi; ji; hi�; j�i 2 Ck.An element hi; ji is a minimal k-candidate i� for all hi�; j�i 2 Ck; hi�; j�i 6= hi; jiis i� < i or j� < j.The set of all minimal k-candidates for k � 1, will be designed Cmink .Remarks. It is clear that1. C1 � C2 � : : : � Cp � Cp+1 = ;2. Cmin1 6= Cmin2 6= : : : 6= Cminp3. Let 1 � k � p; hi; ji 2 Ck and hi; ji 62 Ck+1 then L(i; j) = k.Hirschberg's method of minimal k-candidates [6] can be applied in this special caseof strings with partitions and gives O(n � p2)-time algorithm, where p is the length ofthe longest restricted common subsequence.4 Transformation of SSLCS Problem to LRSCProblemLet A = A1A : : :Am; 1 � m be the string of the sets over 
. Elements of a subsetAi; Ai 2 P (
); 1 � i � m, can be chosen in an arbitrary order and there are jAij!permutations of these elements.Let p(Ai) be a permutation of elements inAi (it is a string consisting of all symbolsin Ai).We de�ne a string of symbols A in the following way:A = p(A1)p(A2) : : : p(Am); (1)A is the concatenation of strings p(A1); p(A2) : : : ; p(Am).Let A be the set of all strings of symbols created by (1). The number of elementsin A is jAj = �jAji=1jAij!. Let the elements in A are enumerated in some way, A =fAig; i = 1; : : : ; jAj.Analogously, it is possible to construct the set B to the string B. Let beL(A;B) = max fLLCS(Ai; Bj) : 1 � i � jAj; 1 � j � jBjg: (2)Lemma 4.1 L(A;B) = LSSLCS(A;B).22



The Longest Restricted Common Subsequence ProblemProof. Let 1 � i � jAj; 1 � j � jBj. LLCS(Ai; Bj) is the length of the longestcommon subsequence of strings of symbols Ai and Bj. Both strings are constructedas a special cases of strings A;B, and LLCS(Ai; Bj) � LSSLCS(A;B), for 1 � i �jAj; 1 � j � jBj. It means L(A;B) = maxi;j fLLCS(Ai; Bjg � LSSLCS(A;B).Since all possible strings Ai and Bj have been used, the following inequality holdsL(A;B) � LSSLCS(A;B). 2Let 1 � k � m. p�(Ak) is constructed from p(Ak) by adding some elements of Akinto arbitrary positions of p(Ak). Each element of Ak is in the p�(Ak) once at least.Lemma 4.2 Let i; j be indices such that L(A;B) = LLCS(Ai; Bj); Ai = p(A1)p(A2): : : p(Am). Let 1 � k � m and Ai� = p(A1) : : : p(Ak�1)p�(Ak)p(Ak+1) : : : p(Am).If each element of Ak can be chosen from p�(Ak) once at most then L(A;B) =LLCS(Ai�; Bj).Proof. Since each element of Ak can be chosen from p�(Ak) once at most (somepermutation of elements in Ak), we have L(A;B) � LLCS(Ai�; Bj). p�(Ak) has beenconstructed by adding some elements to p(Ak) and the following inequality is ful�lled:LLCS(Ai�; Bj) � LLCS(Ai; Bj). 2Lemma 4.3 Let i; j be indices such that L(A;B) = LLCS(Ai; Bj). Let Ai� =p�(A1) : : : p�(Am); Bj� = p�(B1) : : : p�(Bn). If each element of Ak; 1 � k � m canbe chosen from p�(Ak) once at most and each element of Bt; 1 � t � n can be chosenfrom p�(Bt) once at most then L(A;B) = LLCS(Ai�; Bj�).Proof. Ai� and Bj� are constructed by adding some elements to the strings Ai; Bjand thus LLCS(Ai�; Bj�) � LLCS(Ai; Bj). Since each part p�(Ak), or p�(Bt) can beused as a permutation of Ak or Bt respectively, we have L(A;B) � LLCS(Ai; Bj).Thus L(A;B) = LLCS(Ai; Bj). 2Let A = A1A2 : : : Am;m � 1 be the string of the sets over 
. Let p+(Ak); 1 �k � m be the string of all permutations of Ak (permutations of elements in Ak arein p+(Ak) as the subsequences). Let A� = p+(A1)p+(A2) : : : p+(Am). Analogously forB, B� = p+(B1)p+(B2) : : : p+(Bn).Theorem 4.1 L(A;B) = LLCS(A�; B�) if each element of Ak , respectively Bt, canbe used once at most from the part p+(Ak), respectively p+(Bt).Proof. There are the indices i; j such that L(A;B) = LLCS(Ai; Bj). According toLemma 4.3 LLCS(Ai; Bj) = LLCS(Ai�; B�j). The strings A�; B� are some specialcases of strings Ai�; Bj� and it implies L(A;B) = LLCS(A�; B�). 2Lemma 4.4 The length of the string A� is less or equal than M2, the length of B�is less or equal than N2.Proof. p+(Ak) can be constructed by a repeating of Ak jAkj times. This constructiongives the length jAkj2. In [12] is presented the construction of shorter string with thelength jAkj2 � 2 � jAkj + 4; jAkj � 4. The length of A� is jA�j = �mk=1jp+(Ak)j ��mk=1jAkj2 � (�mk=1jAkj)2 = M2. Analogously, jB�j � N2. 223



Proceedings of the Prague Stringology Club Workshop '98For example, let 
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