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Abstract. Constructing the Burrows-Wheeler transform (BWT) for long strings poses
significant challenges regarding construction time and memory usage. We use a prefix of
the suffix array to partition a long string into shorter substrings, thereby enabling the
use of multi-string BW'T construction algorithms to process these partitions fast. We
provide an implementation, partDNA, for DNA sequences. Through comparison with
state-of-the-art BWT construction algorithms, we show that partDNA with the BWT
construction algorithm IBB by Adler et al.[I] offers a novel trade-off for construction
time and memory usage for BWT construction on real genome datasets. Beyond this,
the proposed partitioning strategy is applicable to strings of any alphabet.

Keywords: Burrows-Wheeler transform, string partition

1 Introduction

The Burrows-Wheeler transform (BWT) [4] is a widely used reversible string transfor-
mation with applications in text compression [§], indexing [8], and short-read align-
ment [I0]. The BWT reduces the number of equal-symbol runs for data compressed
with run-length encoding and allows pattern search in time proportional to the pat-
tern length [8]. Because of these advantages, and the property that the BWT of a
string S can be constructed and reverted in O(|S|) time and space, the BWT is
important in computational biology.

In computational biology, there are at least two major BWT construction cases:
The BWT can be generated either for a single long genome, for example, the reference
genome [10], or for a collection of comparatively short reads [2]. Like BCR [2] and
ropebwt2 [I1], the standard way [5] to define and compute a text index for a collection
W of strings W; is to concatenate the W, with different end-marker symbols #;
between the W;: W' = Wo#HWi#4 ... Wk#k The multi-string BWT [7] we use is
also called BCR BWT [6], or mdoIBWT [5].

In this paper, we show how to partition a string S into a collection W of short
strings W; and order the W; in such a way that the BWT of W is similar to the BWT
of S. We say ‘similar’ here because the BWT of W, ..., W} contains k+ 1 # symbols
that we need to remove from the BWT after construction. For example, compare the
BWT of S = CAAAACAAACCGTAAAACAAACCGGAACAAS to the BWT of
the collection W = {Wj, ..., Ws} of words

Wo =AW, =AWy = AAACCGGAAC, W3 = AAACCGT,
W, =$C, Ws = A Ws = A, Wy = AAAC, Wy = AAAC.
! The #; symbol at the end of the strings W; and the $ symbol in S are only different to explain

the concept and break ties; implementations like ropebwt2 [11] and our approach, partDNA, use
the same symbol for each end-marker.
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Because W, WWW3WsW,WoWW 1 Wy - $ = $- S, W is a partition of the first right
rotation of S. The BWT of W is constructed using Wy, ..., W} in the order of their
indices:

BWT(W) = AACTC AACCHHHHH#H#HH#CAAAAAAAAAASAAAACCGCCG
BWT(S) = AACTCAACC GAAAAAAAAAASAAAACCGCCG

If we remove the run of # symbols, the BWTs of S and W are identical. In Figure[I]
we show the connection between single-string and multi-string BWT construction
algorithms and the contribution of our paper.

partition
§-5=Wro) - Wag
(this paper)

)" $ W' = WotHoWi#t ... Wiy
(definition)
W ={Wo,...,Wi} > W/

single-string multi-string single-string

construction construction construction

delete # run €
BWT(S) BWT(W)

Figure 1. Summary of the relationship of single-string and multi-string BWT construction algo-
rithms and the contribution of this paper. The BWT for S can also be obtained by partitioning 5,
using a multi-string construction algorithm on the sorted partition, and removing the #-run at the
end. The output of the multi-string BWT construction algorithm is equal to the BWT for W’

Herein, our main contributions are as follows:

— The proof of the correctness of computing the BWT(S) as shown in Figure [Il

— An implementation, partDNA, to partition long DNA sequences for BWT con-
struction.

— A comparison of state-of-the-art BWT construction algorithms regarding the con-
struction time and memory usage of using the partition.

2 Related Work

The BWT [4] is fundamental to many applications in bioinformatics such as short-
read alignment. Bauer et al. [2] designed BCR for a collection of short DNA reads.
BCR inserts all reads in parallel starting at the end of each sequence at the same
time. The position to insert the next symbol of each sequence is calculated from the
current position and the constructed part of the BWT. The BWT is partitioned into
buckets where one bucket contains all BWT symbols of suffixes starting with the
same character. The buckets are saved on disk. Ropebwt, ropebwt2 by Li [I1], and
IBB by Adler et al. [I] are similar to BCR, but use different trees instead of linear
saved buckets.

The BWT can be obtained from the suffix array by taking the characters at the
position before the suffix. Thereby, suffix array construction algorithms (SACAs) like
divsufsort [9], SA-IS by Nong et al. [15], libsais, gSACA-K by Louza et al. [12], or

2 Using the substring notation of Section 3] the first right rotation of S is $ - S[0, |S| — 1].
3 The implementation is available at https://github.com/adlerenno/partDNA.
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gsufsort by Louza et al. [I3] can be used to obtain the BWT. Many SACAs rely
on induced suffix sorting. Induced suffix sorting derives the order of the previous
positions of a sorted set of suffix positions if these point to equal characters. An
example is shown in Figure [4]

The grlBWT method by Diaz-Dominguez et al. [6] uses induced suffix sorting, but
additionally uses run-length encoding and grammar compression to store intermediate
results and to speed up computations required for BW'T construction.

eGap by Egidi et al. [7] divides the input collection into small subcollections and
uses gSACA-K [12] to compute the BWT for the subcollections. Thereafter, eGap
merges the subcollection BWTs into one BWT.

In a prefix-free set, no two words from the set are prefixes of each other; thus, their
order is based on a different character rather than on word length. Consequently, the
order of two suffixes starting with words from the prefix-free set is determined by
these words. BigBWT by Boucher et al. [3] builds the BWT using prefix-free sets.
BigBWT replaces the input with a dictionary D and a parse P using the rolling
Karp-Rabin hash. P is the list of entries in D according to the input string; D forms
a prefix-free set. r-pfbwt by Oliva et al. [I6] recursively uses prefix-free parsing on the
parse P to further reduce the space needed to represent the input string.

SA-IS [15], libsais, gSACA-K [12], BigBWT |[3], and r-pfbwt [16] partition the
input at LMS-Positions or by using a dictionary. The difference of our partition to all
these approaches is that we do not create a BWT as a result. Instead, we translate
the problem into a multi-string BW'T construction problem and compute the BWT
using such a construction method.

3 Preliminaries?

We define a string S of length |S| = n over X by S = apa; - - - a,—; with a; € X for
i < n and always append a,, = $ to S. We write S[i] = a;, S[i, j] = a;ai11---a; for a
substring of S, and S[i..| = S[i, n| for the suffix starting at position . For simplicity,
we assume that S[—1] = S[n] = $, and also allow S[—1,j] = a,ao---a; as a valid
interval.

The suffix array SA(S) [14] of a string S is a permutation of {0, ...,n} such that
the i-th smallest suffix of S is S[SA(S)[i]..]. The suffix array SA(W) and document
array DA(W) for a collection W of strings W, are arrays of numbers such that the
J-th smallest suffix of all W is Wp ;1 [SAW)[j]..].

The Burrows—Wheeler transform BWT(S) of a string .S [4] can either be obtained
by BWT(S)[i] = S[SA(S)[i] — 1] or by taking the last column of the sorted rotations
of S.

4 Partition Theorem

A single string S has only unique suffixes because the suffixes differ in their length.
However, if we partition S into W = {W,..., Wy}, Wy,..., W, can have several
equal suffixes. For example, Wy = AAACCGGAAC and W; = AAAC both have the
suffix AAC. Given only the suffixes, we cannot decide how to order the characters
G and A in BWT (W) that occur before the suffixes AAC in Wy and W7. We break
the tie by using the word order of W5 and W;. For that purpose, we choose the word

4 There is a list of symbols available in the full version on https://arxiv.org/abs/2406.10610.
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order of the W; to be the order of the suffixes occurring in S after these words W;. In
other words, the index 7 of word W; is the number of strictly smaller suffixes within
the set of all suffixes of S that start behind words from the collection W. In Figure[2
we visualized this concept of obtaining the word indices.

We transfer this argumentation from suffixes to suffix arrays: The index ¢ of word
W; is the index ¢ within a filtered suffix array that contains only those positions in S
that are after the words of W. Computing the full suffix array and thereafter filtering
it for the positions that follow the word ends yields the correct order of the words.
However, if we would construct the full suffix array to partition .S, this would be
inefficient because we can obtain the BW'T from the suffix array directly. But this
trivial solution shows that we can obtain the word indices in O(n) time.

In multi-string construction of BWT (W), the last characters co,...,c; of each
word Wy, ..., W} are inserted at the first positions of the BWT of W; thus, for our ap-
proach, ¢y, ..., c; must be the first &£+ 1 symbols of BWT(S). Because BWT(S)[i] =
S[SA(S)[i] — 1], the positions in S following the words Wy, ..., W} form a continuous
subarray at the lowest positions of the suffix array of S: A prefix of the suffix array.

We define PSA(S) = SA(S)[0...k| as a prefix of length k + 1 of the suffix array
of S. In the following, we assume k& < n to be a fixed value. We write t € PSA(S), if
there exists 4, 0 < i < k, such that t = PSA(S)][i].

Characters in S preceeding the suffix | Sorted Suffixes of S
SCAAAACAAACCGTAAAACAAACCGGAACAA | $
SCAAAACAAACCGTAAAACAAACCGGAACA | A%
SCAAAACAAACCGTAAAACAAACCGGAAC | AAS
SCAAAACAAACCGT | AAAACAAACCGGAACAAS
$C | AAAACAAACCGTAAAACAAACCGGAACAAS >
$SCAAAACAAACCGTA | AAACAAACCGGAACAAS

SCA | AAACAAACCGTAAAACAAACCGGAACAAS

SCAAAACAAACCGTAAAAC | AAACCGGAACAAS
$CAAAAC | AAACCGTAAAACAAACCGGAACAAS

smallest k + 1 sorted suffixes

Word boundaries

S = AAAC AAACCGT A AAAC AAACCGGAAC A A | ST ...
= W4 = W5 = Wg = W3 = W5 = W7 = Wz =Wy
WaWeWeWaWsWr WoW1 Wy
WaWeWWsWs W7 WoW, Wo‘b
WaWesWsWsWs Wi Wy | WiWy$

WAV W W | WsWaWoW1 Wos
Wi | WeWsWsWsWaWaWy WS
WA W W W W | WeWoW; Wo$
WiWs | WeWsWsWaWo W, W
WaWeWsWsWsWo | WaWy Wo$
W Ws | WaWsWrWa Wy Wo$

W; is the word before the i-th smallest suffix in S$

Figure 2. Concept of partitioning S using PSA(S) with & = 8 to obtain the collection W. The
suffix of a word W; in S could either be expressed by characters of S or by words from W in the
order of their appearance in S
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For each suffix entry PSA(S)[j], let £2(j) = max({—1} U {t € PSA(S) : t <
PSA(S)[j]—1}) be the next smaller suffix array entry in PSA(S) or —1, if PSA(S)[]
is already the smallest value in PSA(S). We define W as the collection of words
W; = S[02(i), PSA(S)[i] — 1] for 0 < i < k, which is a partition of the first right
rotation of S into substrings.

As W is a partition of the first right rotation of S, each character of S is mapped
to exactly one character in one of the words of WW. Therefore, we define two functions
word and position to map a position g from S to the word W4q¢) in W and position
position(q) of that character S[q] in Wyopq(q): For each ¢ with —1 < ¢ < | S| exists
exactly one j < k such that ¢ € [£2(j), PSA(S)[j] — 1], because each position in
the partition belongs to exactly one interval. We set word(q) = j and position(q) =
q — £2(j). We also set word(n) = word(—1) and position(n) = position(—1).

In the initial example, the C' at position 0 in S corresponds to the C' in word Wy
at position 1, so word(0) = 4 and position(0) = 1.

Theorem 1. Let [(= k + 1) be the size of W and m(= n + 1) be the total length of
BWT(W). Then, for all i < m:

BWT(S)[i] 0<i<l
BWT(W)[i] = { # 1<i<2l
BWTS)i—1 20<i<m
Thus, if we know BWT (W), we get by removing the #-run
BWT(S)=BWT(W)[0,l —1] + BWT(W)[2l,m — 1].

The full proof is in Appendix[Al Proof sketch: Using the functions position and word,
we prove the statement: if two suffixes S[i..] < S[j..], then the order of the suffixes
is Waord(i) [position(i)..] < Wiora(jy[position(j)..]. This can be proven by using c, the
smallest value for which either S[i + ¢] # S[j + ¢], or i + ¢ € PSA(S). Using this
statement, we express SA(W) and DA(W') with SA(S) and the position and word
functions. Then, we use BWT'(W)[i| = Wpaw[SA(W)[i] — 1] for the most cases to
retrieve the BWT (W) from SA(W) and DA(W) except for the additional # symbols.

5 Partition DNA Sequences: part DNA

Next, we partition a DNA sequence because genomes are long strings over ACGT.
To partition a DNA sequence S, we first find the words having the smallest suffixes
in S, and second, we order the words according to their suffixes in S.

We do not allow every k as the length of the prefix PSA(S) of the suffix array
and k is not given explicitly. Instead, the exact value of £ will be part of the result
of the partition. In particular, we use the chosen length A for the minimal length of
an A run as a parameter to partition S. As a longer A run contains a shorter A run
at its end, a smaller value of h results in an equal or larger value of k.

We partition S = CAAAACAAACCGTAAAACAAACCGGAACAAS with h =
3 within our following continuous example. The example is visualized in Figure Bl
Before we go into the details, we give a short high-level description: In Step 1, we
scan S to find an initial collection of words. This collection is smaller than the final
collection W, because we can avoid sorting the larger collection W by using induced
sorting. This will be Step 6. To sort the subset of suffixes behind the words in the
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collection, we sort the initial collection of words in Steps 2 and 3 and if at least two
words are equal (Step 4), we will break their tie by their suffixes. As these suffixes
start with words again, see Figure 2l for an example, and we have already sorted the
words in Step 2 and 3, we can use this to assign a unique name to every different word
(Step 4) and compute a suffix array (Step 5) that breaks all remaining ties. With the
induced sorting in Step 6 and the final polish in Step 7 we get W.

partition 1, = A W, = A W, = AAACCGGAAC
S =CAAAACAAACCGTAAAACAAACCGGAACAAS - ------ " W — AAACCGT W, — $C Ws — A Ws — A Wi — AMAC TWs — ARAC
]Step 7: Construct W

Step 1: Divide S inline IDs, add h As

2 $C 4 C 3 CCGT 4 C 3 CCGGAAC 2$ (4, 4,4 +[2,0,4,4,3,1]

! BlO] = 2 Trcversc list
ID B word Z (two A before ) [1.3,4.4.0,2] (6.b)
0 2 $C 4 B3] =3
1 1 4 C 3 $ bucket 4 ot 31 1
(&) 5 3 ocar 4 14 oI
3 4 0 3 [1.3.4,4,0,3]
4 3 CCGGAAC 5 B[1]=3
lStep 2: Sort buckets set 1—1
C bucket [1,3,4,4,1,3]
ID 1. char 7 B[3] >3
1 C . 3 B[3] — 1, add 3 to the end, set A
(2.2) § gu. 1) (1.3 4,3,1]
4 CCGGAAC 5 B[] >3
B[1] — 1, add 1 to the end, set A
€ bucket/ \C bucket [1.3,1,3]
ID 2. char Z ID 2. char 7 B[4 =3
(2b) T 1 Ce 3 2 CCG1 i set 4—1
3 Ce 3 4 CCGGAAC 5 [1,4,1,3]
2. () B[2]=3
. Stc.p 3 Qulcksort G bucket st 21
descending with key Z
s Ay Ly -a
[2,4,1,3] (6.a)
ID 2. char Z ID 3. char Z i
(3.2) 1T Ce 3 5 CCaT 1 Step 6: Induced so'rtilnvg
3 Ce 3 4 CCGGAAC 5 reverse list
31,42 ()
Step 4: Introduce runs
for equal values of Z G bucket T bucket solve by SA-IS
(2.c) SA=1[12,0,3,1] (each +1)
) D 2 dar 2 4 char Z D 4 char Z Reduced problem
A e 1 CCGGAAC 1 2 CCGT 1 13120
3 Ce 0
\ / Step 5: Reduced problem definition
i B[] word[i Z[i
ID word[ID[]] Z[ID[]] original order 0 [_]) $C . [%
L C L—1 (no sorting required) 1 4 C 1
(4.b) 3 C 01 ——— 3 CCGT 3 (4.c)
4 CCGGAAC 1-—2 3 10 1
2 CCGT 1—-3
4 3 CCGGAAC 2

Figure 3. Example calculation of partitioning using A = 3 on the word S. In Steps 2 and 3, we only
reorder the array ID, the reordering of columns of the other elements is only shown for illustration.
Steps 2 and 3 are done in place, so there is no action needed to go from (4.a) and (2.c) to (4.b).

In Step 1, we divide S either before each run of at least h A symbols or before
A*$ and assign IDs to the words in order of their appearance. Note that these word
IDs are different from the word incides that are assigned to order their appearance
in W. Additionally, we avoid writing runs having h or more As, we only save their
run-length. This results in fewer words than the final partition W has; we obtain the
other words in Step 6 by induced suffix sorting. We keep the number of As before a
word in an array B and the number of As after the word in an array Z. When we
reach the $ symbol, we keep the length of the A-run preceding $ in B[0], so in the
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example of Figure Bl B[0] = 2. We store the maximum length of an A run plus 1 in
the last element of Z regardless of how long the current A run is; so, in the example,
we store Z[4] = 5. We use these values of Z later to sort the words descendingly
because we designed the values in Z in such a way that a higher value implies that a
smaller suffix follows. Because S does not start with at least h As, S is not divided at
position 0, which is also the position after the $ regarding rotations of S. Therefore,
we place the $ at the beginning of the word with the ID 0.

In Step 2, we sort the IDs with a value of 1 and greater (Figure [3 (1.a)), which
form our initial bucket. We sort the IDs by recursively refining buckets: At recursion
depth i, we group the IDs of one bucket into subbuckets by the i-th character of
their words. Therefore, the call structure is a tree (Figure 3] (2.a) to (2.c)), that has
a maximum number of 5 branches on the next level, one for each character A, C', G,
and 7" and one branch named ¢ for words with no more characters. In particular, to
order the IDs into the subbuckets, we first count the number of symbols to get the
size of the subbuckets, then create 5 auxiliary arrays, one for each bucket, copy in a
single scan the IDs into the auxiliary array and finally copy all auxiliary arrays back
in order. The arrays B and Z and the words are only accessed indirectly and changed
by using B[ID[i]| and Z[ID]i]], so we only sort the IDs in Step 2.

If a word w has no further characters, we reached an e-leaf of the sort tree for the
word w. Then, the suffix of S starting with w is smaller than the suffixes of S of the
words that have a character at that position. The reason is that the pattern AY*" or
the lexicographically even smaller suffix AY$ with y > 0 occurs after w in S, because
we used these patters to divide S into the words. Because we used different patterns
to divide S, we sort the words according to the order of these patterns with quicksort
as Step 3. In Figure[3] (1.a), the patterns A3, A* and A2$ are encoded by the values
3, 4, and 5 in the array Z. Therefore, the quicksort sorts the IDs in descending order
by using the values in Z as keys.

After the quicksort in the leaves of the sort tree, we might have identical words
as in Figure 3] (3.a). In the leaf, two words are equal if they appear consecutively and
their value in Z is equal. In Step 4, we encode equal words as a run, so the first of
the equal words gets a 1 and each other word gets a 0 in Z. This allows an easier
assignment of names in the following step. All words in leaves containing only one
word get a 1 in Z, like in Figure 3 (2.c).

To solve the case that we found at least two equal words in Step 4, we define a
reduced suffix array construction problem to sort them. In Figure [ (4.a), the words
with IDs 1 and 3 are equal. The reduced problem is defined as in SA-IS [I5] and
similar SACAs. In a single pass over Z[ID]i]], we give integer names to the words,
like in Figure 3] (4.b): We add the current value of Z, which is 0 or 1, to the last name
and then assign the sum to Z. The smallest assigned name is 1, because we use 0 as a
global end marker for a valid suffix array problem definition. We obtain the reduced
problem by reading the names from Z[i] omitting the first word with ID 0.

In Figure [3] after Step 5, the reduced problem is R = 13120, with the global end
marker 0. We obtain SA(R) = [1,2,0,3,1]. We omit the first value 4 because the 4
points towards the end marker 0. We need to add 1 to the SA(R) values because we
skipped the word with ID 0 in the recursive problem. We obtain [3, 1,4, 2] (Figure [3]
(6.a)).

In Step 6, we obtain all words from the sorted IDs by induced suffix sorting.
Figure [ shows the possible induced suffix sorting steps. Let L be the list of IDs in
inverted order, so L = [2,4,1,3]. We iterate from the start until we reach the end of
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L. For the ID j, if B[j] is greater than h: We reduce B[j] by 1, write an A to the
current position of the list, and append the current ID j to the end of the list again.
If B[j] is h: We reduce j by 1 at the current position. Thereby, we change over from
the word at the start of a suffix to the word before the suffix. We invert the list again,
so L=1[2,0,A,A,3,1].

Given initially Sorted in Step 2 -5

|

Bucket $ NS P»P‘% P&P&N\ P»P‘P&

BWTS) A A CT C A A C C

PSA(S) 30 29 28 13 1 14 2 18 6
= s

Induced

Figure 4. The buckets and the steps of induced suffix sorting that start and end inside the displayed
interval. The name of a bucket is a shared prefix of the suffixes. For the A” buckets with v € N,
it is required that the next symbol is not an A; otherwise, the AAA and AAAA bucket would also
belong to the AA bucket. We induce the positions from the $ bucket to the next bucket on the right
and reduce the suffix array entry by 1 if and only if the symbol at the position before the entry is an
A, which is the symbol in the BWT row. In the same way, we can fill the A” buckets right to left.

For the $-bucket, we also use induced sorting: The starting list is ) = [4] because
the word with ID 4 in Figure 3 (1.a) of the divided words has API$ as a suffix and
we do B[0] steps each inserting one A. The result is @) = [A, A, 4] and the combined
result is @ + L.

In Step 7, each A in Q + L yields an own word W; = A. Each ID in ) 4+ L yields
the corresponding word in Figure 3] (1.a). Additionally, in front of each word with an
ID that is 1 or greater in Figure 3 (1.a), we prepend h As. After Step 7, we get the
partition:

Wy = A, W, = A, Wy = AAACCGGAAC, Wy = AAACCGT,
W, =$C,Ws = A, Wy = A, Wy = AAAC, Wy = AAAC.

To summarize: By partitioning S into the collection W = {Wj, ..., Wg}, we have
transformed the task of constructing the BWT of a long string S into the task of
constructing the BWT of a collection W of smaller words.

6 Runtime Complexity

We claim that partDNA runs in O(n) time. First, the number of words of the scan in
Step 1 is upper bounded by 7 + 1, because there is always at least one word, which
is produced by the $-symbol, and there needs to be an A-run of length h or longer
between two words to divide the words. Thus, in all next steps, we will work on at
most 7 words, because we process the word with ID 0 differently.

We simplify the recursion to ease the analysis of the Steps 2, 3, and 4. First,
instead of using quicksort on the Z-values, we extend the word with ID i by a Z[i]-
long A-run. Note that after h consecutive A-buckets, the sort order changes in the
sense that the A bucket is smaller than the e-bucket and that there are only those
two buckets anymore, however this does not change the number of steps to perform
the sort. Additionally, we stop the recursive bucket sort only if an e-bucket is reached,
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we do not stop if it is the last element in a bucket. These adjustments let us remove
the quicksort at the higher cost of a deeper recursion. Using this simplification, each
letter of S is exactly used once to put an ID into a subbucket, because each letter of
S belongs to exactly one word and the i-th letter is used only at recursion depth ¢ in
Step 2. Putting an ID into a bucket needs only O(1) steps. Thereby, Step 2 has O(n)
steps. Step 4 uses O(1) steps per word in the e-leaf, thus Step 4 needs O (%) steps.

For Step 5, the reduced problem R consists of one letter per sorted word plus the
end marker, thus R has size } +1. The suffix array of R needs O(}) steps using SA-IS.
All induced sorting steps together, including those of Step 6, perform 7 + 1 times an
insertion of a word ID and up to n times an insertion of an A, because |S| = n limits
the number of As in S. Hence, O(n) + O (% + 1) = O(n).

As all steps are in O(n), partDNA has O(n) runtime complexity.

7 Experimental Results

We compare the BWT construction algorithms on the datasets listed in Table [l
regarding construction time and RAM usage. We obtain time and maximum resident
set size (max-rss) by the /usr/time command [ Each input file is a concatenation of
all bases within the reference file because we want to test a single long input string.
Ambiguous bases are omitted. In Table [Il if a partition length A is provided, the
dataset was partitioned using h from the dataset with the row h = — We performed
all tests on a Debian 5.10.209-2 machine with 128GB RAM and 32 Cores Intel(R)
Xeon(R) Platinum 8462Y+ @ 2.80GHz.

ropebwt3, which uses a SA-IS implementation, BigBWT, r-pfbwt, divsufsort, lib-
sais, grlBW'T, and gsufsort compute the BWT of a collection by concatenating the
strings. Hence, they are only tested on the single-string dataset (called original), be-
cause partitioning the input adds extra symbols in form of the end-markers. ropebwt,
ropebwt2, IBB, and BCR are tested on the partitioned datasets. Because partDNA
and the following construction algorithm are sequential, we took the sum of their run-
times, and we used the maximum of their max-rss values. In most cases, part DNA had
a lower max-rss than the following BWT construction algorithm. eGap was tested on
both, but we omit the results for eGap on the partitioned datasets because they were
slower than on the single-string dataset, which is internally constructed by gSACA-K
only.

In Figure Bl our test series suggest that h € {3,4,5} works best regarding con-
struction time as shown for chromosome 1 of GRCh38. The scatter plots in Figure
visualize the needed time and RAM usage given the file, the approach, and the length
h. An algorithm A is pareto optimal if there is no other algorithm B that uses both,
less or equal time, which means the point of B is left or equal to the point of A,
and less or equal RAM, so the point of B is equal or lower than the point of A. For
example, eGap is not pareto optimal on the files GRCm39 and GRCh38, because
divsufsort uses less time and less RAM compared to eGap, so divsufsorts point is in
the left lower direction from the point of eGap.

Our test shows that libsais is the fastest construction algorithm for this class of
BWT construction problems followed by divsufsort and ropebwt3. grlBWT uses the
lowest amount of RAM. Our results show, that only libsais, divsufsort, ropebwt3,
grlBWT and partDNA with IBB achieve pareto optimal results. partDNA and IBB

5 The test is available at https://github.com/adlerenno/partDNAtest.
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Table 1. Used BWT construction algorithms and datasets from NCBI.

approach paper implementation dataset h average length collection size [
ropebwt — github.com /1h3 /ropebwt GRCm39 - 2,654,621,783 1
ropebwt2 [ITI] github.com/lh3/ropebwt2 GRCm39 3 30 88,252,043
ropebwt3 — github.com/1h3/ropebwt3 GRCm39 4 83 31,890,467
IBB [[]  github.com/adlerenno/ibb GRCm39 5 215 12,350,256
BigBWT [3] gitlab.com/manzai/Big-BWT GRCh38 - 3,049,315,783 1
r-pfbwt,  [16] github.com/marco-oliva/r-pfbwt [GRCh38 3 26 116,219,956
divsufsort/ [9]  github.com/y-256/libdivsufsort  [GRCh38 4 67 46,529,667
libsais - github.com /TlyaGrebnov/libsais  [GRCh38 5 151 20,189,969
grlBWT| [6] github.com/ddiazdom/grlBWT [ JAGHKLO1 - 14,314,496,836 1
eGap [7]  github.com/felipelouza/egap JAGHKLO1 3 40 356,650,569
gsufsorty [13] github.com/felipelouza/gsufsort [JAGHKLOL 4 121 118,749,573
BCR [2] github.com/giovannarosone JAGHKLO1 5 364 39,284,785
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Figure 5. BWT construction times and maximum resident set sizes (max-rss). Grey polygons in
scatter plots belong to a partioned dataset: the grey tone determines the BWT construction algo-
rithm and the number of edges the used parameter h, as the legends explain. Missing points mean
that the construction algorithms abort or do not create an output file.
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together, especially for h € {4,5}, offer a new, and balanced trade-off between speed
and space consumption.

8 Conclusion

We have presented an approach that partitions long strings of any alphabet to trans-
form a long single-string BWT construction problem into a multi-string BWT con-
struction problem. We have shown that our implementation partDNA designed for
DNA sequences in conjunction with IBB provides a new pareto-optimum within the
time-space trade-off for BW'T construction.
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A Proof of the Partition Theorem
Proposition 2. For any q with —1 < g <n: if g € PSA(S) or g = —1, then
position(q) = 0.

Proof. SA[0] = n, because S[n] = $ is by definition the smallest symbol and unique,
thereby, n is the index of the smallest suffix. Let p be the min({t € PSA(S) : t > q})
which is well defined, because ¢ < n and n € PSA(S) for any £ > 0. Then ¢ = £2(p)
and g € [2(p), PSA(S)[p] — 1], so position(q) = q— 2(p) =q—q = 0.

Proposition 3. For any q with 0 < g <n: if ¢ ¢ PSA(S), then
word(q) = word(q — 1) and position(i — 1) = position(i) — 1.

Proof. 1f position(q) = 0 = ¢ — §2(j) for a j, it follows 2(j) = ¢, so ¢ € {—1} U
PSA(A), which contradicts the assumptions. Thereby, £2(j) < ¢ < PSA(j) — 1, from
this we get 2(j) < ¢—1< PSA(j) — 1, so word(q— 1) = word(q). position(q— 1) =
qg—1—02(j) =q— 2(j) — 1 = position(q) — 1.

We define W/ = W;+#; and use the W/ in the proofs, because BWT (W) contains
k # symbols that the W; do not contain. The lexicographical order is #, < #; <
<o < #p < $ < aforall a € X. The advantage of using the W/ is, that their total
length is equal to the length of BWT(W). Thus, we can write down the suffix array
for the W/ that fits to BWT (W), which is not possible for the W;. The advantages
of using the W; in the previous part of the paper are the easier presentation of the
partition of S and the definition of a multi-string problem as in Figure Il We add the
index i to the # symbols in order to break the tie of equal suffixes at the # symbols.

Proposition 4. If S[i..] < S[j..], then

Waora@position(i)..] < Wi, 4 [position(j)..].

w

Proof. Let ¢ > 0 be the smallest value for which either S[i + ¢] # S[j + ¢, or
i+c € PSA(S), so Sli,i + ¢ — 1] = S[j,j + ¢ — 1]. The idea here is, that c is
the distance to the positions where the tie between the suffixes starting at ¢ and j
breaks. First, from S[i,i +c¢— 1] = S[j,j + ¢ — 1] and S[i..] < S[j..], we conclude
that S[i +b..] < S[j+0b..] for all b with 0 < b < ¢. As PSA(S) contains the positions
of the smallest suffixes of S, we conclude from 7,74+ 1,...,i4+c—1 ¢ PSA(S) and
Sli+b.] <S[j+0b.] forallbwith0<b<cthat j,j+1,...,7+c—1¢& PSA(S).
Second, by Proposition B, we now get

word(i) = word(i + 1) = - -+ = word(i + ¢ — 1),

word(j) = word(j+ 1) = -+ =word(j +c— 1),

position(i + ¢ — 1) = position(i +c —2) + 1 = - - - = position(i) + ¢ — 1,
position(j + ¢ — 1) = position(j +c¢—2)+ 1 = --- = position(j) + c — 1.

This shows, that the tie of position(i) in W/

word(i)
w! . () is not decided before the distance c. In other words, if the order of the suffixes

is Weoragive_1y1lposition(i+c— 1)+ L] < Wy o0y [position(j +c—1) + 1.,

we get Wi [position(i)..] < W, . [position(j)..].

in comparison to position(j) in word
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Now, we distinguish three cases.
First case, if S[i+¢| # S[j+ ] and i+ c & PSA(S): Like above, j+c¢ ¢ PSA(S),
so we get

Woord(ive [Position(i 4 c)] = S[i + ] < S[j + c] = W, ,q(j40 [Position(j + c)].

This is the case, when the comparison of two suffixes in W can be decided without
getting to the end of a word in W.
Second case, if i + ¢ = PSA(S)[v] and j + ¢ ¢ PSA(S): Then

word(i-+e—1)[POSTHION(i + ¢ — 1) + 1] = 4, < S[j + c| = W, ;40 [Position(j + c)].

Note that position(i+c—1)+1 > 1 and position(i+c) = 0 by Proposition 2l because
word(i + ¢ — 1) # word(i + ¢).

Third case, if i + ¢ = PSA(S)[v] and j + ¢ = PSA(S)[w]: From S[i..] < S[j..], we
get v < w by the definition of the suffix array. Then

/

word(i+c— 1)[p082t20n(2 +c— 1) + 1] #U

< FHu
= Wé}ord j+ec—1) [pOSZtZOTL(] +c— ]') + 1]

Theorem 5. Let S be a string of length n over the alphabet 3. Let W be the collection
of partitioned words W/ = S[€2(i), PSA(S)[i] — 1]+ #; obtained from S. Let [(= k+1)
be the size of W, m(=n+1) be the total length of W, and let SA(S) and SA(W) be
the suffiz arrays of S and W, respectively. Then, the suffix array and document array
are (for all i < m):

SAW)Ii] = {position(SA(S)[i —1) I<i<m

1 0<i<l

DAW)li] = {word(SA(S)[i —1)) I<i<m

Proof. By construction of the words W/, the smallest k + 1 = [ characters in W are
#; and each #/ occurs only once. Thereby, we get SA(W)[i] = |W/|—1 = |W;|, which
is the position of the #; in W/, together with DA(W)[i] =i for 0 < i < m by the
order of the #; symbols.

Next, there is a continuous block of length n left in the SA(W') and DA(W) arrays
to prove. By definition of the suffix array, we get for the string S

S[SA(S)[0]..] < --- < S[SA(S)[n —1]..].
By Proposition M, we get the following order of the remaining n suffixes of W:
word(sA(S)[o) Position(SA(S)[0]). ]
<Waoraes as)py [position(SA(S)[1])..]

< . e
<Wora(sa)in—1) [position(SA(S)[n — 1])..].
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The inequations show the order of the remaining n suffixes. For example, we get
that W, 1 sa(s)op [Position(SA(S)[0])..] is the I-th lowest suffix of W, so SA(W)[I] =
position(SA(S)[l—1]) and DAW)[l] = word(SA(S)[l—1]). The additional —I within
the terms SA(S)[i—!] come from the fact that this order starts at position / in SA(W)
instead of at position 0.

Theorem 1. Let S be a string of length n over the alphabet . Let W be the collection
of partitioned words W} = S[£2(i), PSA(S)[i] — 1]+ #; obtained from S. Let [(= k+1)
be the size of W, m(=n+1) be the total length of BWT (W), and let BWT(S) and
BWT (W) be the BWTs of S and W, respectively. Then, for all i < m:

BWT(S)[i] 0<i<l
BWTW)[i] = { # 1<i<2l
BWT(S)i—1] 20<i<m

Proof. We calculate BWT (W) from SA(W). For any i < m:
BWT(W)[i] = Wpaw)a[SAW)[] — 1].
In the case that ¢ < [, we get
WhauwilSAW)[i] — 1] = Wi[[Wi] — 1]
and with the definition of W/, we get

WiIWi| = 1] = S[PSA(i) — 1] = S[SA(S)[i] — 1] = BWT(S)[i].

In the case i > [, we get

Woawg[SAMW)I] — 1] = Woasacs)iy position(SA(S)[i — 1]) — 1].

Next, if i < 2[, we have i — | < [, so SA(S)[i — 1] € PSA(S). We can use
Proposition [2 now: position(SA(S)[i — []) = 0, hence

WhaanaSAMW)E] — 1] = Wigasacsyi—p[0 — 1 = #worasacs)i-n)
Last, if ¢ > 21, so SA(S)[i — ] € PSA(S). There is exactly one j < [, such that
SA(S)[i—1] € [22(j), PSA(j) —1]. Then, position(SA(S)[i—1]) = £2(j) — SA(S)[i —1]
and position(SA(S)[i — 1] — 1) = 2(j) — SA(S)[i — ] — 1 due to Proposition B

BWT(W)l[i ] word(SA(S —1)) [POSZ”O”(SA(S) [i —1]) — 1]
S12(j), PSAG) — [SAS)[i — 1] — 1 — 2())]
S[20)) + SAS)[i — 1] - 1 - 2(j)]

= S[SA(S)[@ —1]—1]

= BWT(S)[i — .
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In the proofs of Theorem [1 and [B, we have only shown the correctness of the
partition using a single word S, but the proofs did not use the limitation that only
one string S was given. The presented partitioning can also transform a collection
of strings S = {S,...,S,} into a larger collection of shorter words. The necessary
changes for partitioning a collection of strings is to use a suffix array and a document
array of S instead of using only the suffix array of S and they include a set of $ symbols
to terminate the strings and a set of # symbols for partitioning the strings into words.
Hereby, each $ symbol is lexicographically larger than each # symbol. There is no
change necessary in the proof steps. Note that our partDNA implementation can
partition a collection S of strings as input.

B On the Size of the Reduced Problem compared to SA-IS

Theorem 2. Each position p > 0 with either S[p] = A= S[p+1] =--- = S[p+d—1]
and S[p + d] & {$,A} and Slp — 1] # A, or S[p] = $ is a left-most S-type (LMS)
position (according to the definition in SA-IS [15]).

Proof. If S[p] = $: If p = 0 then S = $. If p > 0, then S[p — 1] # $ and thereby,
Slp — 1] > S[p|]. Then p — 1 is L-Type and p is S-Type by definition, which means
that p is a LMS position.

Next, S[p] = A. $# S[p—1] # A,s0 S[p—1] € {C,G, T}. We get S[p—1] > S[p],
so p — 1 is L-Type. Because S[p + d] ¢ {$, A}, p+d — 1 is S-Type. Finally, S[p] =
A=Sp+1]=---=S[p+d—1] implies that the type of p is equal to p+ 1 is equal
to ... is equal to p+d — 1, so p is S-Type and LMS-position.

We conclude that our reduced problem is smaller or equal to the recursive problem
of SA-IS because our reduced problem contains only one character for each position
p with d > h.



