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Jliti
(i Burrows-Wheeler Transform (1994)

@ Permutation of a text, that allows better compression.

@ Closeness to a widely-used index (suffix array).

@ Recent interest in compressed indexing.

@ What happens to the transform if the text changes? I
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A cyclic shift of a text T[0..n], of order i is denoted by
T = T[i..n—1]T[0..1].

The previous cyclic shift of Tl is Tl=1




Ilitis ; e
From T= CTC GC$ to BWT, SA and ISA

Burrows-Wheeler Transform and Suffix Array

unsorted T
0O[CTCTGCS
1[ITCTGCS$C
2ICTGCS$ CT
3ITGCS$CTC
4G C$ CTCT
5(C $ CTCTG
6|$ CTCTGZC
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Ulitis 0

From T= CTC GC$ to BWT, SA and ISA

Burrows-Wheeler Transform and Suffix Array

F L
unsorted T | sorted T |
0 CTCTGC S 0|$ CTCTGC|6
1l TCTGCS$ C 11C $ CTCTG|5
2CTGCS$SCT 2IC T CTGCS|o
3ITGCS$CTC 3[CTGCS$ CT|2
4/ GCs$S CTCT 4/GC $ CTCT|4
5/(C$ CTCTG 5(T CTGCS$ C|1
6|$ CTCTGUC 6|T GC$ CTC|3

L: Burrows-Wheeler Transformof T [ C G $ T T C C |
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Ilitis ; e
From T= CTC GC$ to BWT, SA and ISA

Burrows-Wheeler Transform and Suffix Array

F L
| unsorted T | sorted T
0OjCTCTGCS 0
1[TCTGCS$C 1
2ICTGCS$SCT 2
3ITGCS$ CTC 3
4G C$ CTCT 4
5
6

L: Burrows-Wheeler Transformof T [ C G $ T T C C |
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Ilitis ; e
From T= CTC GC$ to BWT, SA and ISA

Burrows-Wheeler Transform and Suffix Array

F L SA

| unsorted T | sorted T 1

0O[CTCTGCS 0 C C
1|l TCTGCS$ C 1
2ICTGCS$SCT 2
3ITGCS$ CTC 3
4/ GC$ CTCT 4
5
6

L:  Burrows-Wheeler Transformof T [ C G $ T T C C ]

SA: Suffix Array of T [ _ ]
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Ilitis ; e
From T= CTC GC$ to BWT, SA and ISA

Burrows-Wheeler Transform and Suffix Array

F L SA

unsorted T |  sorted T || |
0jCTCTGCS$ 0/$ CTCTGC

1l TCTGCS$C 11C$ CTCTG 5
2ICTGCS$SCT 2ICTCTGC $
3]ITGCS$CTC 3]CTGCS$CT
4G C$ CTCT 4GCs$s CTCT
5/C$ CTCTG 5TCTGCS$C
6|$ CTCTGC 6|T GCS$ CTC

L:  Burrows-Wheeler Transformof T [ C G $ T T C C ]

SA: Suffix Array of T [6 502 41 3]

ISA: Inverse Suffix Array of T [2536 410]

L[] = T[(SA[] — 1) mod |T]]
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0litis 0 1 3 4 5 6
From T= CTCTG $ to BWT, SA and ISA

Burrows-Wheeler Transform and Suffix Array

F L SA

unsorted T |  sorted T || |
0jCTCTGCS$ 0/$ CTCTGC

1l TCTGCS$C 11C$ CTCTG 5
2ICTGCS$SCT 2ICTCTGC $
3]ITGCS$CTC 3]CTGCS$CT
4G C$ CTCT 4GCs$s CTCT
5/C$ CTCTG 5TCTGCS$C
6|$ CTCTGC 6|T GCS$ CTC

L:  Burrows-Wheeler Transformof T [ C G $ T T C C ]

SA: Suffix Array of T [6 502 41 3]

ISA: Inverse Suffix Array of T [2536 410]

L[] = T[(SA[] — 1) mod |T]]
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0litis 0 1 3 4 5 6
From T= CTCT C$ to BWT, SA and ISA

Burrows-Wheeler Transform and Suffix Array

F L SA

unsorted T |  sorted T || |
0O[CTCTGCS 0[$ CTCTGUC
1l TCTGCES$C 11C $ CTCTG
2C TGCS$ CT 2C TCTGC S
3ITGCS$ CTC 3[CTGCS$SCT
4G C$ CTCT 4/ GCs$S CTCT
5/ C $ CTCTG 5/ TCTGCS$ C
6|$ CTCTGUC 6|T GC$ CTC

L:  Burrows-Wheeler Transformof T [ C G $ T T C C ]
SA: Suffix Array of T [6 502 41 3]
ISA: Inverse Suffix Array of T [2536 410]

L[] = T[(SA[] — 1) mod |T]]
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0litis 1 3 4 5 6
From T= CTCTGC to BWT, SA and ISA

Burrows-Wheeler Transform and Suffix Array

F L SA

unsorted T |  sorted T || |
0jCTCTGCS$ 0/$ CTCTGC

1l TCTGCS$C 11C$ CTCTG 5
2ICTGCS$SCT 2ICTCTGC $
3]ITGCS$CTC 3]CTGCS$CT
4G C$ CTCT 4GCs$s CTCT
5/C$ CTCTG 5TCTGCS$C
6|$ CTCTGC 6|T GCS$ CTC

L:  Burrows-Wheeler Transformof T [ C G $ T T C C ]

SA: Suffix Array of T [6 502 41 3]

ISA: Inverse Suffix Array of T [2536 410]

L[] = T[(SA[] — 1) mod |T]]
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Ulitis

1

From T=C CTGCS$ to BWT, SA and ISA

Burrows-Wheeler Transform and Suffix Array

F L SA

unsorted T | sorted pad Ll
0O[CTCTGCS 0[$ CTCTGUC

1l TCTGCES$C 11C$ CTCTG 5
2C TGCS$ CT 2C TCTGC S

3ITGCS$ CTC 3[CTGCS$SCT|~
4G C$ CTCT 4/ GCs$S CTCT
5/ C $ CTCTG 5/ TCTGCS$ C
6|$ CTCTGUC 6|T GC$ CTC

L:  Burrows-Wheeler Transformof T [ C G $ T T C C ]
SA: Suffix Array of T [6 502 41 3]
ISA: Inverse Suffix Array of T [2536 410]

L[] = T[(SA[] — 1) mod |T]]

v
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Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

F L

lsortedT[’]l
0s CTCTGC
1lcscTCTG
2lcTCcTGCS
3lcTGCs$CT
4lGCcsCTCT
5lITCTGCSC
6lTGCS$SCTC

$
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Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

3
—

SO, WDNHE O

A H OO eA— T
ONN—Hden
NHeonon s
e0nn-H-40n&
00040
N0 =40 0|«

~_

NOO-dean0 -
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Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

3
—

SO, WDNHE O
A4 OO0 N0 e
ONN—dden
NHeonon s
e0nn-H-40n&
N0+
OO0 -0 0|«

® JennnHo

()
(@)
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Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

3
—

OO0 Ne—m
ONNO—H44den
m—|wmnn—|g
ec0n00 0]
NN - -0 0N«—

~_

DO~ WN RO

oNnNn—Hseo0nH
L H4eennn-H0

-
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Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

~

wn
2

A HO OO L— T

ONN—dden

NHeonon s
ALO00 0|8

—
()

CoUs WN RO
OO e 00—
N_ _“~

NO—deon -
Qdennn-Hdo
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Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

3
—

— 1 OO0 NL—Tm

ONN—dden

NHeonon s
4eo0nn-H-40|&

@)

N0 - 00—
N

DO~ WN RO

40N« 0n -
NHenn0n4do

()
A
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Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

wn
2

A H OO O eL—mm
ONN—HH«n
m—|wmnn—|g
Qmmnn—|—|na
N

(@]
—

o0~ WNHO
NN a0

QH4ennn-Ho
“Andde o0 n— ~
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Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

F L
lsortedT[’]l
0|$ CTCTGZC
11C$ CTCTG
2[C T CTGC S
3[CTGCS$SCT
4G C s CTCT
5(T CTGCS$C
6T GCS$CTC

CTCTGCS =T
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Ilitis From BWT back to T

What if | only have access to BWT? Can | recover T?

Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

Example

- | Since cyclic shifts are sorted,
018§ CTCTGC TW[n] = T[i — 1] appears as many
11C$ CTCTG times
2CTCTGCS
3lcTGCS$ CT @ in L from position 0 to the
4G C$ CTCT position of T1 as
5[ TCTGCSC @ in F from position 0 to the
6|]T GCS$CTC position of TV~

CTCTGCS =T ’
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Ilitis From BWT back to T

What if | only have access to BWT? Can | recover T?

Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

Example

- g L

L softed il | Since cyclic shifts are sorted,
oj$ ¢ T CTGC TW[n] = T[i — 1] appears as many
1/1C$ CTCTG times
2CTCTGCS
sllcTecs T @ in L from position 0 to the
sdlgcscTCT position of T1 as
5(7TCTGCS C> @ in F from position 0 to the
6|TGCS$CTC position of T1~1.

CTCTGCS =T ‘
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Ulitis

From BWT back to T

What if | only have access to BWT? Can | recover T?

Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

Property

Since cyclic shifts are sorted,

times

@ in L from position 0 to the
position of T as

@ in F from position 0 to the
position of Ti=1,

TW[n] = T[i — 1] appears as many

Example
F L
| sorted Tl | LF
oj$CTCTGC 1
1lcscTCTG
2[C T CTGC S
3 CTGCS$CT
4G C s CTCT
5(TCTGCS$C
6|]T GCS$ CTC
CTCTGCS =T
Salson, Lecroq, Léonard, Mouchard
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Ilitis From BWT back to T

What if | only have access to BWT? Can | recover T?

Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

Example

| sorted T | LF Since cyclic shifts are sorted,
oj$ CTCTGC 1 [T p—
lcscTcTc a T [n] = T[i — 1] appears as many
olcTCcTGCS fimes
3[CTGCS$CT @ in L from position 0 to the
4|GC$ CTCT position of T as
5ITCTGCSC @ in F from position 0 to the
6|T GCS$CTC position of Ti=1,

CTCTGCS =T o’
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Ilitis From BWT back to T

What if | only have access to BWT? Can | recover T?

Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

Example

| sorted T | LF Since cyclic shifts are sorted,
ojs ctTcTGC 1 [T p—
lcscTcTc a T [n] = T[i — 1] appears as many
2lcTCcTGCS times
3[CTGCS$CT @ in L from position 0 to the
4|G C $ CTCT 6 position of T as
5ITCTGCSC @ in F from position 0 to the
6|T GCS$CTC position of Ti=1,

CTCTGCS =T o’
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Ilitis From BWT back to T

What if | only have access to BWT? Can | recover T?

Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

Example

| sorted T | LF Since cyclic shifts are sorted,
oj$ CTCTGC 1 [T p—
lcscTcTc a T [n] = T[i — 1] appears as many
olcTCcTGCS fimes
3[CTGCS$CT @ in L from position 0 to the
4|G C $ CTCT\®6 position of T as
5ITCTGCSC @ in F from position 0 to the
6|T GCS$CTC/ 3 position of T~

CTCTGCS =T o’
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Jlitis S BT ek T

What if | only have access to BWT? Can | recover T?

Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

Example

~

Property

Since cyclic shifts are sorted,
TW[n] = T[i — 1] appears as many
times

@ in L from position 0 to the
position of T as

@ in F from position 0 to the
position of Ti=1,

A OO0 N e—m

~

OO s WN RO
NN - -0 0N«
N_ _“~

g0 HoO
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Ilitis From BWT back to T

What if | only have access to BWT? Can | recover T?

Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

Example

| sorted T | LF Since cyclic shifts are sorted,
oj$ CTCTGC 1 [T p—
lcscTcTc a T [n] = T[i — 1] appears as many
olcTCcTGCS fimes
3[CTGCS$CT)\S>5 @ in L from position 0 to the
4|G C $ CTCT)®6 position of T as
5(TCTGCS$ C 2 @ in F from position 0 to the
6)TGCS$CTC 3 position of T~

CTCTGCS =T o’
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Ilitis From BWT back to T

What if | only have access to BWT? Can | recover T?

Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

Example

| sorted T | LF Since cyclic shifts are sorted,
oj$ CTCTGC_ 1 [T p—
lcscTteT G> 4 T [n] = T[i — 1] appears as many
2lcTcTGCs 0 times
3[CTGCS$CT 5 @ in L from position 0 to the
4|G C $ CTCT 6 position of T as
5(TCTGCS$C 2 @ in F from position 0 to the
6)TGCS$CTC 3 position of T~

CTCTGCS =T o’

Salson, Lecroq, Léonard, Mouchard Dynamic Burrows-Wheeler Transform 5/17 UNI DER%UEN



Ulitis

From BWT back to T

What if | only have access to BWT? Can | recover T7?

Recovering T is easy if, given a position in the table, we can find the position
of the previous cyclic shift.

Example

Since cyclic shifts are sorted,
TU[n] = T[i — 1] appears as many
times

4

sorted

@ in L from position 0 to the
position of T as

an0n0-4Hd4H0
ONnn—denn -

@)

@ in F from position 0 to the
position of TU—1,

4 H4 OO0 N0
N R NoNeNa =
OO0 -0 0|« ~

_1
N o
_|

wr\)c\mo-hn—-‘;

SOl WN PO

L deannn0HoO

Il
s'
\

So, L can be used instead of T

L contains all the information that is needed for recovering the original T.
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at position j = 27
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at position j = 27

G
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F

sorted CS of T’

VOV F-EFUOL
OFFOLOOLOULUU»
FOOOU» RO
VOeARFFOLVLOLOU
OFOVDOLOLVOU e -
FOOUOUe»n LU
OeAkFOOLOOUOOU
CACRORORONGE Sl

| sorted CSof T |

O ANMS O O N~

'

Dynamic Burrows-Wheeler Transform
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F cyclic shifts
0|$ $CTCTGC
1|C C$CTCTG

Cyclic shifts where the inserted letter 2|C CTCTGCS
G appears after $ and before L. 3|C CTGCS$CT
4|G GC$CTCT
5T TCTGCS$C
6T TGC$CTC
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F cyclic shifts
0[$ $CTCTGC <+
1|C C$CTCTG «

Cyclic shifts where the inserted letter 2|C CTCTGCS

G appears after $ and before L. 3|C CTGCS$CT
4|G GC$CTCT
5T TCTGCS$C
6T TGCSCTC
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£\ (i1

F cyclic shifts
0$ $CTGCTGC
1|C C$CTGCTG

Cyclic shifts where the inserted letter 2|C CTCTGCS

G appears after $ and before L. 3|C CTGCS$CT
4|G GCS$CTGCT
5T TCTGCS$C
6T TGC$CTGC «

_ Dynamic Burrows-Wheeler Transform 8/17



Stage 1: TVl forall j > i+1 What are we observing?

Cyclic shifts where the inserted letter
G appears after $ and before L.

Impact on M: none

The respective ranking of these
cyclic shifts is preserved.

F: no direct modification.

L: no direct modification.

| \
O UAWN RO
44O 00 0em

NN des00r-

cyclic shifts
$CTGCTGC
C$CTGCTG
GC$CTGCT

TGC$CTGC

=

e
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cyclic shifts
$CTGCTGC
C$CTGCTG
CTCTGCS
CTGCS$CT
GC$CTGCT
TCTGC$C
TGC$CTGC

The cyclic shift where the inserted
letter G appears in L.

4 Hdo0o0n0nNem

DO WN E O
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What are we observing?

F L || cyclic shifts

- 0|$ C| $CTGCTGC

Stage 2: T+ 1|C G||cscTGCTG
The cyclic shift where the inserted 2(C $
letter G appears in L. 3/C T

4|GIT| GC$CTGCT
5|T C

6|T C| TGCSCTGC

How can we compute the position of the modification?

We are looking for the position of T'C! (corresponding to T1).

0123 45 6
ISA25 6410
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What are we observing?

F L || cyclic shifts
. 0|$ C|$CTGCTGC
Stage 2: 711 1|C G||cscTGCTG
The cyclic shift where the inserted 2|C $
letter G appears in L. CT ~T7H
4G T | GCSCTGCT
5T C
6T C| TGCSCTGC

We are looking for the position of T'El (corresponding to T[Z]).

3 4 5 6
6 410
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What are we observing?

F L || cyclic shifts
: 0[$ C| $CTGCTGC
Stage 2: 7' 1| ¢ 6| cscTGeTG
The cyclic shift where the inserted 2|C $
letter G appears in L. 3|]C T 7
4G T [ GCSCTGCT
5/T C
6T C| TGCSCTGC

Position of the previous cyclic

In what follows, we need the position of the previous cyclic shift T
(corresponding to T').
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What are we observing?

F L || cyclic shifts
: 0[$ C| $CTGCTGC
Stage 2: T/l 1/C G| cscTaeTG
The cyclic shift where the inserted 2|C $
letter G appears in L. 31C T-- —TH
4G T [ GCSCTGCT
5/T C
6T C| TGCSCTGC

Position of the previous cyclic

In what follows, we need the position of the previous cyclic shift T
(corresponding to T').

Salson, Lecroq, Léonard, Mouchard Dynamic Burrows-Wheeler Transform 9/17 Uvam



F L || cyclic shifts
: 0[$ C| $CTGCTGC
Stage 2: T/l 1/C G| cscTaeTG
The cyclic shift where the inserted 2|C $
letter G appears in L. 3|1C T —TH
4G T][ GCSCTGCT
5| T—(First T in F)
6T C| TGCSCTGC

Position of the previous cyclic

In what follows, we need the position of the previous cyclic shift T
(corresponding to T').

Salson, Lecroq, Léonard, Mouchard Dynamic Burrows-Wheeler Transform 9/17 Uvam



cyclic shifts
$CTGCTGC
C$CTGCTG

Stage 2: T'li+1]

The cyclic shift where the inserted $
letter G appears in L. —TP
T || GCSCTGCT

(First T in F)

C || TGC$CTGC

O U~ WNRO
440000 em
_|

Position of the previous cyclic

In what follows, we need the position of the previous cyclic shift T
(corresponding to T’
— LF(3) =5, we store 5 in previous_cs.
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The cyclic shift where the inserted
letter G appears in L.

F: no direct modification.
L: substitution T (stored) — G.

O UAWNRO
4 Ho00n0em

cyclic shifts
$CTGCTGC
C$CTGCTG
CTCTGCS

CTGCS$CTG T8

GC$CTGCT
TCTGCSC
TGC$CTGC

9/17

previous_cs = 5
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£ (iie

cyclic shifts
$CTGCTGC
C$CTGCTG
CTCTGCS
CTGC$CTG
GC$CTGCT
TCTGC$C
TGC$CTGC

The cyclic shift where the inserted
letter G appears in F.

440000 em

Dol WN H O

previous_cs = 5

AR

=
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What are we observing?

F L || cyclic shifts
0|$ C| $CTGCTGC
1/C G| C$CTGCTG

The cyclic shift where the inserted 21C $
letter G appears in F. 3|C G|/ CTGCS$CTG
4G T| GCSCTGCT

5|T C
6| T C| TGC$CTGC

Where does the insertion take place?

@ We know the position of T"®! (we have just modified it).
@ Now, we need the position of the new cyclic shift T'? = GCTGC$CT.

@ That's what LF computes: the position of the previous cyclic shift!

previous_cs = 5
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What are we observing?

F L || cyclic shifts
0[$ C| $CTGCTGC
1|C /G| C$CTGCTG

The cyclic shift where the inserted 21C $

letter G appears in F. 3|C G-'
4G |T | GC$CTGCT
5|T C
6| T C| TGC$CTGC

Where does the insertion take place?

@ We know the position of T"®! (we have just modified it).
@ Now, we need the position of the new cyclic shift T'? = GCTGC$CT.

@ That's what LF computes: the position of the previous cyclic shift!

previous_cs = 5
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What are we observing?

cyclic shifts
$CTGCTGC
C$CTGCTG

Stage 3: Tl

The cyclic shift where the inserted
letter G appears in F.

CTGCSCTG
GC$CTGCT
GCTGCSCT

440000 Nem
N0 0N

~NOoO o~ wWwNHE O

TGC$CTGC

Where does the insertion take place?

@ We know the position of T"B! (we have just modified it).
@ Now, we need the position of the new cyclic shift T = GCTGC$CT.
@ That's what LF computes: the position of the previous cyclic shift!

previous_cs = 36
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£\ (i1

cyclic shifts
$CTGCTGC
C$CTGCTG
CTCTGCS
CTGC$CTG
GC$CTGCT
Second G in F| «
TCTGCS$C
TGC$CTGC

The cyclic shift where the inserted
letter G appears in F.

44O a0 NNem

~NOoO o~ WwWwN = O

previous_cs = 36

(AL -
_ Dynamic Burrows-Wheeler Transform 10/17 up




Stage 3: T'l What are we observing?

The cyclic shift vyhere the inserted F L || cyclic shifts
letter G appears in F. ols$ cllscTeecTae

1|C G|[C$SCTGCTG
Impact on M: insertion 2/C $§
A . ith the i d 3[/C G||CTGCSCTG
| newGrowdstaric:il'ng lechthe msertj 4|6 TllGescTaeT
etter G and ending with the store 5(c Bl ccTaeseT
T is inserted. 6| T C
F: inserted letter G.

T T T

L: (stored) T. ! CljTecserec
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Cyclic shifts where the inserted letter
G appears after F and before $.

N A WN RO
4Hdo0o000nNnem

cyclic shifts
$CTGCTGC
C$CTGCTG
CTCTGCS

CTGC$CTG
GC$CTGCT
GCTGCS$CT
TCTGCSC

TGC$CTGC

Dynamic Burrows-Wheeler Transform
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previous_cs = 6

A\
\ |

=



cyclic shifts
$CTGCTGC
C$CTGCTG
CTGCTGCS
CTGC$CTG
GC$CTGCT
GCTGCS$CT
TGCTGCSC
TGC$CTGC

Cyclic shifts where the inserted letter
G appears after F and before $.

N A WN RO
4Hdo0o000nNnem

previous_cs = 6

A\
\ |

_ Dynamic Burrows-Wheeler Transform 11/17
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Stage 4: T'Ul forall j < i

Cyclic shifts where the inserted letter What are we observing?

G appears after F and before $.

How to reorder cyclic shifts?

@ Reordering from right to left
(from j =i — 1 downto 0)

@ Comparison between the
actual position (value of

440000 Ne»Tm
NO-Hdd0en~

~No o~ WN - O

cyclic shifts
$CTGCTGC
C$CTGCTG
CTGCTGCS
CTGCS$CTG
GC$CTGCT
GCTGCS$CT
TGCTGCSC
TGC$CTGC

previous_cs) and the position
computed with LF.

Salson, Lecroq, Léonard, Mouchard Dynamic Burrows-Wheeler Transform
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What are we observing?

cyclic shifts
$CTGCTGC
C$CTGCTG
CTGCTGCS
CTGCSCTG
GC$CTGCT
GCTGCS$CT
TGCTGCS$C 7'M
TGC$CTGC

Stage 4: T'Ul forall j < i

Cyclic shifts where the inserted letter
G appears after F and before $.

440000 Ne
o0 ddo0e00r~

~NOoO O~ WNKHO

Reordering T'1!

T s at position previous_cs = 6.
Is this the correct position for T'M? LF can tell us!

previous_cs = 6
, (L7 —

UNIVERSITE DE ROUEN
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What are we observing?

GCTGC$CT T/
TGCTGCS$C T/
TGC$CTGC

F L || cyclic shifts
” 0|$ C|[$CTGCTGC
Stage 4: T'Ul forall j < i 1|C G| CSCTGCTG
. . . 2|C $ [[CTGCTGCS
Cyclic shifts where the inserted letter 3lc @l cTrecscTa
G appears after F and before $. 4|6 TllcescTaeT
5|G T
6|T C
7|T C

Reordering T

T'M s at position previous_cs = 6.

Is this the correct position for T'M? LF can tell us!
T’ has just been inserted — its location is correct.
T2 is at position 5, let's compute LF(5).

previous_cs = 6
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What are we observing?

—5{ Second T in L. 2

TGCTGCS$C T/
TGC$CTGC

F L || cyclic shifts
” 0|$ C|[$CTGCTGC
Stage 4: T'Ul forall j < i 1|C G| CSCTGCTG
. . . 2|C $ [[CTGCTGCS
Cyclic shifts where the inserted letter 3lc @l cTrecscTa
G appears after F and before $. 4|6 TllcescTaeT
5|G T
6|T C
7|T C

Reordering T

T'M s at position previous_cs = 6.

Is this the correct position for T'M? LF can tell us!
T’ has just been inserted — its location is correct.
T2 is at position 5, let's compute LF(5).

previous_cs = 6
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What are we observing?

F cyclic shifts
$CTGCTGC
C$CTGCTG
CTGCTGCS
CTGCS$CTG
GC$CTGCT
~{(Second T in LJ2

TccTocec T
~é Second T in F.
”

Stage 4: T'Ul for all j < i

Cyclic shifts where the inserted letter
G appears after F and before $.

4 Hdo0oeo0nr~

$
C
C
C
G
G
T
T

~NOoO O~ WNKHO

Reordering T

T'M s at position previous_cs = 6.

Is this the correct position for T'M? LF can tell us!
T’ has just been inserted — its location is correct.
T2 is at position 5, let's compute LF(5).

previous_cs = 6
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Stage 4: T'Ul for all j < i

Cyclic shifts where the inserted letter
G appears after F and before $.

cyclic shifts
$CTGCTGC
C$CTGCTG
CTGCTGCS
CTGCS$CTG

—Hd0«eon

Second T in L. 2

Second T in F.
— expected position of T/

440000 NeT

~NOoO O~ WNKHO

Reordering T

T'M s at position previous_cs = 6.

Is this the correct position for T'M? LF can tell us!
T’ has just been inserted — its location is correct.
T2 is at position 5, let's compute LF(5).

Salson, Lecroq, Léonard, Mouchard

previous_cs = 6
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Stage 4: T'Ul for all j < i

Cyclic shifts where the inserted letter
G appears after F and before $.

What are we observing?

Reordering 71!

cyclic shifts
$CTGCTGC
C$CTGCTG
CTGCTGCS
CTGCS$CTG

Second T in L.

F L
0($ C
1/C G
2|C $
3|]C G
4/G T
5|G T
6| T
7| T

TocTocec T
~é Second T in F.

7'M s at position 6 but should be at position 7.

Salson, Lecroq, Léonard, Mouchard

Dynamic Burrows-Wheeler Transform
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What are we observing?

cyclic shifts
$CTGCTGC
C$CTGCTG
CTGCTGCS
CTGCS$CTG
GC$CTGCT
GCTGCS$CT
TGCTGCSC T/11
TGC$CTGC

Stage 4: T'Ul for all j < i

Cyclic shifts where the inserted letter
G appears after F and before $.

NOoO U WN RO
440000 Nem
o0 d40e00r~

Reordering T'1!

T'M s at position 6 but should be at position 7.
Before moving T'1M, we compute the actual position of T and store it in
previous_cs.

previous_cs = 6
7 —

UNIVE DE ROUEN
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What are we observing?

cyclic shifts
$CTGCTGC
C$CTGCTG
CTGCTGCS
CTGCS$CTG
GC$CTGCT
GCTGCSCT

{ Second C in L. |1l

TGC$CTGC

Stage 4: T'Ul for all j < i

Cyclic shifts where the inserted letter
G appears after F and before $.

NOoO U WN RO
440000 Nem
o0 d4do0e00r~

Reordering T'1!

T'M s at position 6 but should be at position 7.
Before moving T'1M, we compute the actual position of T and store it in
previous_cs.

previous_cs = 6
7 —

UNIVE DE ROUEN
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What are we observing?

F L || cyclic shifts
. 0% C|[$CTGCTGC
Stage 4: T'Ul forall j < i 1| ¢ allcscTacTa
. . . 2 C—(Second Cin F.)
Cyclic shifts where the inserted letter 3|c ¢lcTacscTa
G appears after F and before $. 4|6 Tl gescTeeT
5|G T || GCTGC$CT

6|T €|/ TGCTGCSC T/
7T C || TGC$CTGC

Reordering T'1!

T'M s at position 6 but should be at position 7.
Before moving T'1M, we compute the actual position of T and store it in
previous_cs.

previous_cs = 6
7 —

UNIVE DE ROUEN
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What are we observing?

L || cyclic shifts
$CTGCTGC
C$CTGCTG
CTGCTGCS TM
CTGC$CTG
GC$CTGCT
GCTGCS$CT
TGCTGCS$C T/
TGC$CTGC

Stage 4: T'Ul forall j < i

Cyclic shifts where the inserted letter
G appears after F and before $.

N R WN RO
440000 Nem
OO0 d40e0n

Reordering T

T'M s at position 6 but should be at position 7.
Before moving 7'M, we compute the actual position of T and store it in
previous_cs.

previous_cs = 2
(L7 —

UNIVE DE ROUEN
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What are we observing?

L || cyclic shifts
$CTGCTGC
C$CTGCTG
CTGCTGCS TM
CTGC$CTG
GC$CTGCT
GCTGC$CT
TGC$CTGC
TGCTGCS$C T/

Stage 4: T'Ul forall j < i

Cyclic shifts where the inserted letter
G appears after F and before $.

NOoOURWN RO
440000 Nnem
O0Hd40e0n

Reordering T

T'M s at position 6 but should be at position 7.
Before moving 7'M, we compute the actual position of T and store it in
previous_cs.

previous_cs = 2
(L7 —

UNIVE DE ROUEN
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What are we observing?

L || cyclic shifts
$CTGCTGC
C$CTGCTG
CTGCTGCS TM
CTGC$CTG
GC$CTGCT
GCTGCS$CT
TGC$CTGC
TGCTGCS$C T/

Stage 4: T'Ul for all j < i

Cyclic shifts where the inserted letter
G appears after F and before $.

440000 Nea
ON0ddo0e0n

~No o~ WNHHO

Reordering 70

Now, let's compute the correct position of T’ using LF(7) (7 is the correct
position of T').

previous_cs = 2
, (L7 —

UNIVERSITE DE ROUEN
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What are we observing?

L || cyclic shifts
$CTGCTGC
G || C$CTGCTG

$ || cTGCTGCs T/
G || CTGCSCTG

T || GCSCTGCT
T

C

C

Stage 4: T'Ul for all j < i

Cyclic shifts where the inserted letter
G appears after F and before $.

GCTGCSCT
TGCSCTGC

—{ Third C in L. J’[4

440000 Nea

~No o~ WNHHO

Reordering 70

Now, let's compute the correct position of T’ using LF(7) (7 is the correct
position of T').

Salson, Lecroq, Léonard, Mouchard Dynamic Burrows-Wheeler Transform 11/17 UNI s

previous_cs = 2



What are we observing?

F L || cyclic shifts
$ $CTGCTGC
C G||C$CTGCTG
c $llcTGacTaes 1/
Cc—{Third Cin F.}
G T [[GC$CTGCT
G
T
T

Stage 4: T'Ul for all j < i

Cyclic shifts where the inserted letter
G appears after F and before $.

T || GCTGCSCT
C [[ TGCSCTGC
C

—{ Third C in L. J’[4

~No o~ WNHHO

Reordering 70

Now, let's compute the correct position of T’ using LF(7) (7 is the correct
position of T').

Salson, Lecroq, Léonard, Mouchard Dynamic Burrows-Wheeler Transform 11/17 UNI s
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What are we observing?

F L || cyclic shifts
: 0[$ C||$CTGCTGC
Stage 4: T'Vl forall j < i 1|C G| cscTGCTG
S . 2|c ¢llcTaeTaes 1/
Cyclic shifts where the inserted letter 3 C—(Third Cin F.)
G appears after F and before $. 4| ¢ TIGCSCTGCT
5(G T || GCTGC$CT
6T C || TGC$CTGC
7| T Cqp{(Third Cin L)1

Reordering 7%

Now, let’s compute the correct position of T’ using LF(7) (7 is the correct
position of T'M).
T should be at position 3.

previous_cs = 2
7 —

UNIVE DE ROUEN
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What are we observing?

L || cyclic shifts
$CTGCTGC
C$CTGCTG
CTGC$CTG
CTGCTGCS Tl
GC$CTGCT
GCTGC$CT
TGC$CTGC
TGCTGCS$C T/

Stage 4: T'Ul forall j < i

Cyclic shifts where the inserted letter
G appears after F and before $.

NoOUhWNRO
44000 0Nnem
NOHd4«a000

Reordering 7%

Now, let’s compute the correct position of T’ using LF(7) (7 is the correct
position of T'M).
T should be at position 3.

previous_cs = 2
(L7 —

UNIVE DE ROUEN
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What are we observing?

L || cyclic shifts
$CTGCTGC
C$CTGCTG
CTGC$CTG
CTGCTGCS T/
GCS$CTGCT
GCTGCS$CT
TGC$CTGC
TGCTGC$C T/

Stage 4: T'V] forall j < i

Cyclic shifts where the inserted letter
G appears after F and before $.

NoOUhWNRO
44000 0Nnem
NOHd4«xa000

Reordering 70

Now, let's compute the correct position of T’ using LF(7) (7 is the correct
position of T’

T should be at position 3.

Position of T'1% is correct — all cyclic shifts are well ordered.

previous_cs = 2
7 —

UNIVE DE ROUEN
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Stage 4: T'Ul forall j < i

Cyclic shifts where the inserted letter
G appears after F and before $.

Impact on M: reordering

Depending on the inserted letter,
rows might locally rotate.

F: no modification.

L: possible local reorderings.

~No o~ WNHO

44000 0Nem
ON0-"dde 000N

L

cyclic shifts
$CTGCTGC
C$CTGCTG
CTGC$CTG
CTGCTGCS T/
GC$CTGCT
GCTGCS$CT
TGC$CTGC
TGCTGC$C T/

What are we observing?

Salson, Lecroq, Léonard, Mouchard Dynamic Burrows-Wheeler Transform
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@ L and a subsampling of ISA;

Q rankc(L,1);

© F and Count;

Q LF(i)=ranky(L, i)+Count(L[i])-1;
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@ L and a subsampling of ISA;

@ rankc(L,i);
© F and Count;

Q LF(i)=ranky(L, i)+Count(L[i])-1;
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F L ISA ranke (L, i)
018 €} 2 VEd8a6bE L and a subsampling of ISA;
1/C G $0011111 o _ Ping
2/C $ C1111123 Q rankc(L, i);
3|CT| 6 GO01l111111 )
P e T0001222 © F and Count;
5T C Count Q LF(i)=ranky(L, i)+Count(L[i])-1;
6|T C[ 0 $CGT
0145
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What are we using?

F L ISA ranke(L, i) Explanations

01$ €| 2 328460 L and a subsampling of ISA;
1|C G $0011111 o _ piing
2|C $ c1111123 Q rankc(L, i);
3lcT| 6 G0111111 .
4G T T0001222 O F and Count;
5T C Cratutiie Q LF(i)=rankyp(L, i)+Count(L[])-1;
6|T C| 0 $CGT

0145

v

rankyjj(L, i) returns the number of times, t, L[i] appears in L from position 0
to /.

Therefore, rank;j(L, i)+Count(L[i])-1 returns the position of the t-th L[]

in F.
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What are we using?

F L ISA ranke(L, i) Explanations

0[s C| 2 1238450 L and a subsampling of ISA;
1|c G $0011111 o ' piing
2|C $ c1111123 Q rankc(L, i);
3/ T| 6 G0111111 .
4G T T0001222 © F and Count;
5T C Craturiie © LF(i)=rankyp(L, i)+Count(L[])-1;
6|T C| 0 $CGT

0145

&

Note that rankc(L, i) gives L and Count gives F, so storing and maintaining
these two functions is normally sufficient...
Note also that rankc(L, i) is stored in a more efficient way!
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Ulitis

From Theory to Practice

The reordering step of our algorithm requires at most n iterations.

How our Algorithm Behaves in Practice?

@ Is the reordering step too time-consuming?
@ Is it quicker to update the BWT than recomputing it entirely?

@ Is the algorithm slowed down because of the dynamic
structures?
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Computation on DNA

Time (s}
2
-

©.001
0

Length of the text (thousands of letters)

——— Reconstruction using dunamic structures
—3€— Reconstruction using static structures
—3— Insertion of a 500-letter block

—F— Insertion of a single letter {x 500)

Dynamic Burrows-Wheeler Transform
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Time (s)

0.1

et

//"*-‘

B
* X
e
,___ae—“"'a*——
W — %W K
"~ -

800 1000 1200 1400
Length of the text (thousands of letters)
—— Reconstruction using dunamic structures

—3€— Reconstructionh usihg static structures

—¥— Insertion of a 500-letter block
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We can handle insertions/deletions/substitutions of a factor as well.
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Ulitis

Conclusion

Generalization

We can handle insertions/deletions/substitutions of a factor as well.

O(n) iterations of the algorithm Reorder.
Worst-case scenario (A"$ — A"CS$).

The operations (rank, insertion, deletion) on the dynamic structure storing L
are performed in at most O(log n(1 + log o/ log log n)).
Overall worst-case complexity: O(nlog n(1 + log o/ loglog n)).
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Ulitis

Conclusion

Generalization

We can handle insertions/deletions/substitutions of a factor as well.

Complexity

O(n) iterations of the algorithm Reorder.
Worst-case scenario (A"$ — A"CS$).

The operations (rank, insertion, deletion) on the dynamic structure storing L
are performed in at most O(log n(1 + log o/ log log n)).
Overall worst-case complexity: O(nlog n(1 + log o/ loglog n)).

| A\

Perspectives

@ Dynamic FM-index (using SA, ISA subsamples) submitted to JDA
@ Dynamic suffix array + LCP submitted to JDA
@ Dynamic suffix tree work in progress
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test

Tine {in milliseconds)

e I I L 1 L
° 10000 26000 30000 48000 50080 60000
Text length (in KB,)

—+— 588 insertions of length 1
—— 1 insertion of length 568
—%— SA reconstruction

pr
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