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© General overview

© Stringology and Arbology
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Chomsky classification

| Type of grammars | Type of automata
regular grammars finite automata
context-free grammars pushdown automata
context-sensitive grammars | linear bounded automata
unrestricted grammars Turing machines
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Linear notation

Statement:

Do traversing the structure and perform following operations. . . )

Such statement leads to a linearisation of the structure in question. There
is a possibility to divide such process into two parts:

© Creating a linear notation of the structure

© Processing the linear notation of the structure
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Graphs and automata

‘ Type of graphs ‘ Type of automata ‘ Discipline ‘
“linear” graphs finite automata stringology
trees pushdown automata arbology
directed acyclic graphs | linear bounded automata | dagology
general graphs Turing machines ?
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Pattern matching

Example

a0
al
a2

)—2
o/

String: t = a2 a2 a0 al a0 al a0

()—30 ) _al ) a0
N N N
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Pattern matching

Example
String: t = a2 a2 a0 al a0 al a0 — prefix notation J

a2

/\
al
/\ |

a0 al a0
|

a0

alle — S
allS—S
a2|SS+— S

)8325 — 55(1\.92|5 — 55/2\30|5 e G\al\s — S mao|e — S /g\al|5 — S /é\aO\S —e @
/ 2/ N> N 2/ N\
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Pattern matching

alle — S
allS—S
a2|SS+— S

_»8325 — 55/1\.92|5 — 55/2\30|5 e G\al\s —S mao|e — S G\al|5 — S rﬁ\aO\S —e @
/ N N N N o/
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Deterministic finite and pushdown automata
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Indexing
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a2
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a2 1
VAN |
a0 1 .
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a2|S > S5
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Nondeterministic factor and subtree PDA

a2

a2 a0 al a0 al

a0
a0|S - =

a2|S — SS a0lS e allS+— S allS e

allS+— S

a0|S > &
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Indexing

Deterministic factor and subtree PDA

a2|S — SS a0|S e allS— S allS—e allS—S a0lS e
a2|S s S8

Bo¥ivoj Melichar (CTU) Graphs and Automata PSC 2013 10 / 70



Directed acyclic graph and linear notation
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Directed acyclic graph and linear notation
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Directed acyclic graph and linear notation

abdgi

1
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Stringology and Arbology

Every sequential algorithm must do some linearisation of a tree.

Parallel algorithm must do some linearisation of a tree “per partes”.
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Linear notations of trees

prefix d2 a2 dp 41 4dg 41 40
postfix ag ap a1 a» ag a1 a»
Euler a» @ ag a» ai ap a1 a a» ai ag air a»

bracketted [ax [a2[a0][a1[a]]][a1[a0]]]
prefix
bar aparap|aiao||]araoll|
prefix
bracketted [[[ao][[a0]a1]a2][[a0]a1]az]
postfix
bar ||]ao||a a1 ax||aoar a
postfix

It holds that subtrees in a linear notation are substrings of the tree in the
linear notation. This implies analogous pushdown automata for all such
linear notations.
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Tree — the simplest case

@ Rooted
@ Oriented
@ Ordered

@ Ranked
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Prefix notation

Grammar for tree with nodes having
rank 0, 1, 2:

(].) 5—)30
(2) 5—)315
(3) S—»aSS

(Greibach normal form,
simple LL(1) grammar,
LR(0) grammar)

Given a tree t and its prefix notation
pref (t), all subtrees of t in prefix
Example: a2 a2 ap a1 ap a1 ag notation are substrings of pref (t).
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Postfix notation

Grammar for tree with nodes having
rank 0, 1, 2:

(1) S — ao
(2) S—S ai
(3) S—=SSa

(Reversed Greibach normal form,
strong LR(1) grammar)

Given a tree t and its postfix
notation post(t), all subtrees of ¢ in
postfix notation are substrings of
post(t).

Example: dp dp d1 a2 dp 4l a
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Well known principles

@ Scanning of tree recursive procedures

@ Covering of tree

context-free parsing

@ Construction of tree
(top down, bottom up)

@ Target program generation

Pushdown automata
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Stringology
Basic tool: Finite automata

Arbology
Basic tool: (Deterministic) Pushdown automata
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Pushdown automaton — notation

@ ala—p @

transition from state 1 to state 2

reading a, pop «, push 3
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Basic deterministic pushdown automaton for prefix
notation of tree with nodes having rank 0, 1, 2:

ap|S e ailS— S

(1) S—a 5(0,a0,S) = (0,¢)
2) S : aj s ‘@‘ 0

5(0, a1, ) = (0, )
3) S=aSS . 5(0, a2, 5) = (0, SS)
32|5 — SS

0(q,a,5) ={(q,) : S — aa € P}

Accept by empty pushdown store.

Bofivoj Melichar (CTU) Graphs and Automata PSC 2013 21 /70



Basic deterministic pushdown automata for tree with
nodes having rank 0, 1, 2, ..., m:

Prefix notation:

(i+1) S—aS’
where 4@ ai|S— S 5(0,a;,S) = (0,5
i=0,1,2,...,n

Postfix notation:

(i+1) S— S'a

where 4@ ailS'—S 5(0,2;,5") = (0,5)

i=0,1,2,....n.
S0O—=¢

Accept by empty pushdown store.
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Determinisation of pushdown automata
Not always possible: L = {w wf 4: w e {a, b}*}

ale—a alame

4| Zw—e
z ®
b|bw—e

bler—b b|br e

alam—e

Determinisation is possible for:
1. Input—driven pushdown automata
2. Visibly pushdown automata

3. Height—deterministic pushdown automata
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Determinisation of input—driven PDA

Input—driven PDA — pushdown store operations are determined by the
input symbol.

Any nondeterministic input—driven PDA can be determinised similarly as in
the case of finite automata — the states of the deterministic PDA
correspond to subsets of states of the nondeterministic PDA (d-subsets).

Moreover, nondeterministic acyclic input—driven PDA — the contents of the

pushdown store can be precomputed, and only transitions and states with
possible pushdown operations are selected.
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Tree pattern matching

Object Tree

Subtree Tree template

Prefix notation Prefix notation

d1 4o aSa S
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2. Subtree and tree pattern pushdown automata —
Indexing trees
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Motivation

Stringology
String suffix and factor automata.
Properties:

© Accept all occurences of an input suffix and an input factor,
respectively, in a text of size n.

© Search phase for all occurences of an input suffix or an input factor of
size m in time O(m), and not depending on n.

© Although the number of factors in the text is O(n?), the total size of
the deterministic factor automaton is O(n).
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Motivation

Arbology

Subtree and tree pattern pushdown automata — analogous to string
suffix and factor automata.

Properties:

© Accept all occurences of an input subtree and of subtrees matching
an input tree pattern, respectively, in a tree of size n.

© Search phase for all occurences of an input subtree or an input tree
pattern of size m in time O(m), and not depending on n.

© Although the number of tree patterns matching the tree can be
O(2"), the total size of the deterministic tree pattern pushdown
automaton is in specific cases O(n). This total size generally is an
open question — we guess it is O(n?).
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Subtree PDA
Example 1

@ Ranked alphabet
A ={a2,al, a0}
@ Tree ty
prefix notation is
pref (t1) =
a2 a2 a0 al a0 al a0
@ Different subtrees of t;
in prefix notation are:
@ 32 a2 a0 al a0 al a0
Q 32 a0 al a0
Q al a0
Q a0
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All subtrees of tree t; and their prefix notation

STy

a2 a2 a0 al a0 al a0 a2 a0 al a0 al a0 a0
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Transition diagram of deterministic PDA M,(t;) accepting
pref (t1) = a2 a2 a0 al a0 al a0 by empty pushdown store

@ (1) () () (4) (5) (&) (1)

a2|S— SS a0|S+—e allS—S a0|S—e allS—S a0|S—¢
a2|S+— SS

Initial contents of pushdown store is S.
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Trace of deterministic PDA M,(t;) for input string
pref(t;) = a2 a2 a0 al a0 al a0

State  Pushdown Store Input

0 S a2 a2 a0 al a0 al a0
1 SS a2 a0 al a0 al a0
2 5SS a0 al a0 al a0
3 S§S al a0 al a0
4 S§S a0 al a0
5 S al a0
6 S a0
7 € €
accept

accept by empty pushdown store
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Nondeterministic subtree PDA M,,s(t1) for tree t; in prefix
notation pref(t;) = a2 a2 a0 al a0 al a0 (input—driven
PDA)

a0|S — ¢

a2|S— SS a0|S+—e allS—S a0|S+—e allS—S a0|S—¢
a2|S s SS
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Deterministic subtree PDA Myps(t1) for tree in prefix
notation pref(t;) = a2 a2 a0 al a0 al a0

a2|S+— SS a0|S+—e allS—S a0|S—e allS—S a0|S—¢
a2|S+— SS

Given a tree t with n nodes and its prefix notation pref(t), the total size
of the deterministic subtree PDA Mps(t) is O(n). As for the case of the
string factor automaton.
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Deterministic subtree PDA Mps(t1) vs. deterministic
string factor automaton

Deterministic subtree PDA Mps(t1)

a2|S+— SS a0|S+—e allS—S a0|S+—e allS—S a0|S—¢
a2|S+— SS
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Deterministic subtree PDA Mps(t1) vs. deterministic
string factor automaton

Deterministic string factor automaton
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Trace of deterministic subtree PDA My,s(t1) for an input
subtree st in prefix notation pref(st) = ajag

a2|S+— SS a0|S+—e allS—S a0|S—e allS—S a0lS— e
a2|S+— SS

State PDS Input

{0} S al a0 Input subtree
{4? 6} S a0 al

{57 7} € € ‘
accept 0

Bofivoj Melichar (CTU) Graphs and Automata PSC 2013 37 /70



Tree pattern PDA
List of some treetops of the tree

a2sSs
a2a2Sss
a2a2a0S s
a2a2a0alSs

a2 a2 a0 al a0 S
a2 a2a0al a0 al s
a2 a2 a0 al a0 al a0
a2Sals

a2 S al a0
a2a2S5Sals
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Deterministic treetop PDA M,(t;) for
pref(t;) = a2 a2 a0 al a0 al a0

srms = {3,5,7} Set of the Right-Most States

a2|S > SS
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Nondeterministic tree pattern PDA M, (t;) for
pref(t;) = a2 a2 a0 al a0 al a0

a0|S +— e




Deterministic tree pattern PDA Mgy.(t;) for tree t; in
prefix notation pref(t;) = a2 a2 a0 al a0 al a0

a2|S— SS a0|lS+—e allS—S a0|S—e allS—S a0|S—¢
a2|S+— SS
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Trace of deterministic PDA My, for prefix notation of tree
pattern a, S a1 S

Input tree template

S|S—e¢ a2

a2|S— SS a0|S+—e allS—S a0|S—e allS—S a0|S—¢
a2|S+— SS
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Complexity

Given a tree t with n nodes and its prefix notation pref(t), the number of
distinct tree templates matching the tree is less or equal 2" 1.

The total size of the deterministic tree pattern PDA Mg,z (t) is in specific

cases O(n). The total size generally is an open question — we guess it is

O(n?).
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Example 2

tree ty, pref(t2) = am a0™

/ "
a0 a0 a0 e

a0
Deterministic tree pattern PDA for pref(t):
S|S—e
am|S— S™ a0|S+—¢e a0|S—e a0|S—e¢ a0|S — ¢
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Example 3

tree t3, pref(t3) = al™ ! a0

al

[
al

! Deterministic tree pattern PDA for pref(t3):
al a0|S — ¢

[

i
al

\
a0
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3. Repeats in Trees
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Subtree repeats

prefix notation
a2 a2 a0 al a0 a2 a0 ala0
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Nondeterministic subtree PDA M,,s(t;) for
pref(t;) = a2 a2 a0 al a0 a2 a0 ala0 (input—driven PDA)

a0|S — e

a2|S+— SS a0|S — e a0|S — e a0|S — e a0|S +— ¢
a2|S+— SS alls—S a2|S+— SS alls—S
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Deterministic subtree PDA Mps(t1) for
pref(t;) = a2 a2 a0 al a0 a2 a0 ala0

a2|S+— SS a0|S — e a0|S — e a0|S — e a0|S +— ¢
a2|S+— SS alls—S a2|S+— SS alls—S
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Repetition table

a2|S— SS a0|S — e a0|S — e
a2|S — SS allS— S a2|S — SS
d-subset | Subtree List of repeats
3579 a0 (3,F),(5,G),
(7,G),(9,G)
59 al a0 (5,F),(9,G)
a2 a0 al a0 | (5,F),(9,N)

Bofivoj Melichar (CTU)
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F first
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Repetition table

d-subset | Subtree List of repeats
3579 a0 (3,F),(5,G),(7,G),(9,G)
59 al a0 (5,F),(9,G)

a2 a0 al a0 (5,F), (9, N)

32,

a2 a0 al a0

al a0 a0

Overlapping is not possible, which follows from the basic property of tree!
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Tree pattern repeats

PREFIX NOTATION
a2 a2 a0 al a0 al a0

Bofivoj Melichar (CTU) Graphs and Automata PSC 2013 52 /70



Deterministic treetop PDA M,(t;) for
pref(t;) = a2 a2 a0 al a0 al a0

srms = {3,5,7} Set of the Right-Most States

a2|S > SS
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Nondeterministic tree pattern PDA M, (t;) for
pref(t;) = a2 a2 a0 al a0 al a0 (input—driven PDA)

a0|S +— e




Deterministic tree pattern PDA Mg,z (t1) for
pref(t;) = a2 a2 a0 al a0 al a0

a2|S— SS a0|lS+—e allS—S a0|S—e allS—S a0|S—¢
a2|S+— SS
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Repetition table
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d-subset | Subtree List of repeats
357 a0 (37 F)? (5? G)v (77 G)
57 al a0 (5,F),(7,G)
al S (5,F),(7,G)
a2 SS (5,F),(7,0)
a2Sals (5,F),(7,0)
a2 S al a0 (5,F),(7,0)
F first
G gap
N neighbour
O overlapping (inclusion)
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Complexity

O(n+r)

n the number of nodes of the tree
r the total size of repeating parts (subtrees, templates) of
the tree (the size of repetition table)

r=7>_,(rpx*nr)
r is the total size of all pathes from the initial state to states with multiple

subsets.

rp  size of repeating part
nr number of repeats (size of d—subsets)
p pathes
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4. Tree pattern matching
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Types of patterns

@ EXACT PATTERNS
P=aqax,...ax

n

EXAMPLE: asajapag

@ PATTERNS HAVING SUBTREES (TREE TEMPLATES)
— 1% Pm
P—axl...axkls 1axkﬁl...akas ENRNPIRRY- N

n

EXAMPLE 1: aa;Sag
EXAMPLE 2: a355a;Sag
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Exact pattern

EXAMPLE:

P = dodidpdp
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Exact pattern

NON-DETERMINISTIC SEARCHING PUSHDOWN
AUTOMATON

S e

31|5'—>5

a|S +— SS

_»8 az|5'—>55/l\ alS—S D alS—e /g\ alS—e @
N / /

P = dpdidgdg
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Exact pattern

DETERMINISTIC SEARCHING PUSHDOWN
AUTOMATON

2|5+ SS

2|S e
a1lS— S a|S s SS |5+ 5SS

a|S e
alS— S
2|S > S§

P = dpdi1dpdg

@S SS N @SS N alSme N alSee
0 O ® © ®
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Tree template

EXAMPLE

TEMPLATE IN POSTFIX
NOTATION:

P = apa;Sa»
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Tree template

NON-DETERMINISTIC SEARCHING PUSHDOWN
AUTOMATON

agle— S
S S |51 — SS

P = 3231530
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Tree template

ELIMINATION OF £-TRANSITIONS

PATTERN P=4ap a1 S a»

ale — S
2SS |85 — SS
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Tree template

USAGE OF NEW PUSHDOWN SYMBOLS...

Si
Xi
S

...SIMULATING THE TWO CASES.
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Tree template
aole— S
31|5'—> S
3|S5+ S

31|S — 51
L o | & | =
Ole — S 0]SS — S
e s | 0575 | 455,05 s
0‘5 — 51
ao ai a2
[0][SS— S
[0]|S+— S [0,4]|SXy — S
O] || [0S (0] X — S [0]|X15+— S
[0,4]X:X1 — S
[0][SS— S
[0]|S+— X1 | [0,4]|SX;1+— S
0.1 || 01le—s OX: = X, | [0]|X.S — S
[0,4]| X1 X1 — S
0SS —S
[0]|S+— S [0,4]|SXy — S
0.4 || [0,1]fe—S [0]]X1 — S [0]X:S — S
[0,4]| X1 X1 — S
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Tree template

SIMPLIFICATION
ao a az
OISS — 5
OIS S | [0.4]|SX, S
O | [01e—S [0]IX, — S [0]\X1$1H S
[0,4][ XX — S
NEEN
[0]|S — Xy | [0,4]|SXy+— S
0.1 | [0.1]le =~ S [O]|X1HH Xll [0]\X151:5
[0,4]| X1 X1 — S
NN
[0]|S+— S | [0,4]|SX1 — S
[0.4] | [0.1]le =S [0]X: — S [0]\X1$1H S
[0,4][ X1 X1 — S
ao a az
o [oens | opos [ 505
[0,1] || [0,1]|e = S | [0]]? = X1 [OF(E]‘\??SX:jS
0.4 | [0,1]le =S | [0~ [o[(ﬂ]‘\?&ﬁ s
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Tree template

»|?7X1 — S

272X — S

e e S [0, 1] ai
© ) X1 [0] ap

5X1 [0, 1] ai

e e X1X1 [0] ao

SXi1 X1 [0,1] a

) ) X1 X1 X1 [0] a
SX1  [0,4] ai match
5X1 [0] an
P—=aya S a S [0, 4] match

T=ao dl dp a1 ag ai a2 ai az
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More information on web pages

http://www.arbology.org
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