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A tuple N = (P, T, F, Mp), where:
@ P — finite set of places ()
@ T - finite set of transitions []
@ F — flow function

F ((Px T)u(TxP)) — IN

@ My — initial marking

[o]-—C)

K. Barylska, E. Erofeev, t. Mikulski, M. Piatkowski

Minimal Petri Net Unsolvable Binary Words




K. Barylska, E. Erofeev, t. Mikulski, M. Pigtkowski Minimal Petri Net Unsolvable Binary Words



[1,0,0]

[0,1,0]

K. Barylska, E. Erofeev, t. Mikulski, M. Pigtkowski Minimal Petri Net Unsolvable Binary Words



[1,0,0]
[0,1,0]
fl c
[0,0,1]
[0,0,0]

K. Barylska, E. Erofeev, t. Mikulski, M. Pigtkowski Minimal Petri Net Unsolvable Binary Words



[1,0,0]

[0,1,0]

[0,0,1]

[0,0,0]

K. Barylska, E. Erofeev, t. Mikulski, M. Pigtkowski Minimal Petri Net Unsolvable Binary Words



[0,0,1]

[0,0,0]

K. Barylska, E. Erofeev, t. Mikulski, M. Pigtkowski Minimal Petri Net Unsolvable Binary Words



[1, 0, 0] b
[0,1,0] [0,2,0]
fl ¢
[0,0,1]
[0,0,0] ‘/

K. Barylska, E. Erofeev, t. Mikulski, M. Pigtkowski Minimal Petri Net Unsolvable Binary Words



[0,0,0]

K. Barylska, E. Erofeev, t. Mikulski, M. Pigtkowski Minimal Petri Net Unsolvable Binary Words



K. Barylska, E. Erofeev, t. Mikulski, M. Pigtkowski Minimal Petri Net Unsolvable Binary Words



K. Barylska, E. Erofeev, t. Mikulski, M. Pigtkowski Minimal Petri Net Unsolvable Binary Words



K. Barylska, E. Erofeev, t. Mikulski, M. Pigtkowski Minimal Petri Net Unsolvable Binary Words



[Loo __,
[0,1,0) «—~T—— / [0,2,0]
[0,1,1] ]
[0 0,1]
[0,0,0] e

K. Barylska, E. Erofeev, t. Mikulski, M. Pigtkowski Minimal Petri Net Unsolvable Binary Words



[Loo __,
[0,1,0) «—~T—— / [0,2,0]
[0,1, ]
[0 0,1]
[0,0,0] e

K. Barylska, E. Erofeev, t. Mikulski, M. Pigtkowski Minimal Petri Net Unsolvable Binary Words



[1 0,0] b
[0,1 01 [o 2,0]
[o 0,2]
[0,1,1]
A
[0,0,1]
A

K. Barylska, E. Erofeev, t. Mikulski, M. Pigtkowski Minimal Petri Net Unsolvable Binary Words



[1 0,0] b
[0,1 01 [o 2,0]
[o 0,2]
[0,1,1] .
A
[0,0,1]
A

[0,0,0]

K. Barylska, E. Erofeev, t. Mikulski, M. Pigtkowski Minimal Petri Net Unsolvable Binary Words



Labeled Transition System (LTS)

A tuple TS = (S5, T,—, s0), where:
@ S - finite set of states
@ T —finite set of letters (labels)

@ — — finite set of edges
—-C(SxTxS)

@ sp € S — initial state
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ﬂ If v is solvable then all its factors are also solvable. %

Solvable
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u If v is unsolvable then u - v - w is unsolvable (u, w € ¥*) %

K. Barylska, E. Erofeev, t. Mikulski, M. Pigtkowski Minimal Petri Net Unsolvable Binary Words



u If v is unsolvable then u - v - w is unsolvable (u, w € ¥*) %

Minimal Unsolvable Word (muw)

[TTTTTTTTTITTITTT] (unsolvable)
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u If v is unsolvable then u - v - w is unsolvable (u, w € ¥*) %

Minimal Unsolvable Word (muw)

[TTTTTTTTTITTITTT] (unsolvable)

Problem

Characterize the language of all minimal unsolvable binary words. ]
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Sufficient condition for unsolvability

If a word w € {a, b}* contains a factor of the form

(aba)b*(baa)ta or (baa)a*(aba)t b
[ ) o J

where a € {a, b}*, then w is unsolvable.
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Sufficient condition for unsolvability

If a word w € {a, b}* contains a factor of the form

(aba)b*(baa)ta or (baa)a*(aba)t b
[ ) o J

where a € {a, b}*, then w is unsolvable.

E If aw and wb are solvable then awb is solvable. %
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Sufficient condition for unsolvability

If a word w € {a, b}* contains a factor of the form

(aba)b*(baa)ta or (baa)a*(aba)t b
[ ) o J

where a € {a, b}*, then w is unsolvable.

E If aw and wb are solvable then awb is solvable. %

u If aw is solvable then aaw is solvable. %

If awa is minimal unsolvable then w does not contain either aa or ’
bb as a factor.
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Sufficient condition for unsolvability

If a word w € {a, b}* contains a factor of the form

(aba)b*(baa)ta or (baa)a*(aba)t b
[ ) o J

where a € {a, b}*, then w is unsolvable.

E If aw and wb are solvable then awb is solvable. %

u If aw is solvable then aaw is solvable. %

If awa is minimal unsolvable then w does not contain either aa or
bb as a factor.

If w € a*b*(ab™)*(ale) contains both bab'a and abb'b
(with x > 1) as factors, then w is not solvable.
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[Minimal Unsolvable Words]

@ Non-extendable words (N€)

@ Base Extendable words (BE)

© (Derivative) Extendable words (&)
© Extension operation (E)

@ Compression operation (C)
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Non-extendable words (N€)

A word v € {a, b}* is called non-extendable if it is of the form

where i >0, k> 1.

abb’ bkbab’}

i+k+2 i+1

Qe «O—{ab—2 [
i+k+2 i+k+2 .

q
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Base Extendable words (B€)

A word u € {a, b}* is called base extendable if it is of the form

[abw(baw)ka] or [baw(abw)"bJ

where w=b'orw=a’,i>0, k>1.

[abbi(babi)k J

p

i+k+2

o ﬁ oo e
l+k+2

l+k+2
q
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Extension operation
\

E(awa) = .[CJ{abM,37,-(|/|/)al'+17 a/\/lby,-(wa)},

E(bwb) = D{baMb’,-(W)biH’ b M,,i(wb)}.

My, =

M. a — atlp a — bia
) b o= ab T b o bitla

(Derivative) Extendable words (&)

@ If w € E(v) and v is base extendable, then w is extendable.
Q If w € E(v) and v is extendable, then w is extendable.

© There are no other extendable words.
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ﬂ Non-extendable words are minimal unsolvable. %

ﬂ Base extendable words are minimal unsolvable. %

“ Extensions of extendable words are minimal unsolvable. %

Extensions of non-extendable words are unsolvable but not ’
minimal unsolvable.
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Let w be a minimal unsolvable binary word. Then we have the
following exclusive alternatives:

@ w is a non-extendable word (w € NE),
@ w is a base extendable word (w € BE),

@ w is an extendable word (w € &).
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Compression operation

Clabwa™') = a M;,l(w) a

Clawba) = al\/l;il(wba)

C(bawb™') = bM, }(w)b

C(bwab) = bM, }(wab)

s

. atlh — a
o) ab o b

. ba — a
Yol =\ bta o b

Q IfveBEUE and u € E(v), then C(u) = v;
Q If ueC and v =C(u), then u € E(v).
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Algorithm — Minimal Unsolvability of v

if v matches pattern (Ia) or (Ib) then
L return MINIMAL UNSOLVABLE;
while true do
if v matches pattern (Ila) or (IIb) then

L return MINIMAL UNSOLVABLE;

if v compressible then

Non-extendable

(la) ab*ab”a
(Ib) ba*ba”b

x>y+2 y>0

Base Extendable

(Na) abw(baw)ka

| '
\

‘ v C(v); (b) baw(abw)kb
else _ :
| return NoT MINIMAL UNSOLVABLE; w=b"' or w=a’,

= i>0 k>1
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Non-extendable
(la) ab*ab”a
(Ib) ba*ba”b

x>y+2, y>0

Base Extendable

(Na) abw(baw)ka
(b) baw(abw)kb

w=b" or w=a'
i>0 k>1

ol — atth — a
» ol adb = b
s b'a —  a
B bt b

r
&
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Non-extendable
(la) ab*ab”a
(Ib) ba*ba”b

x>y+2, y>0

Base Extendable
(Na) abw(baw)ka
(b) baw(abw)kb

l '
\

w=b'" or w=a',

i>0 k>1
ol — atth — a
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r
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baaa*(aba)™b
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Non-extendable
(la) ab*ab”a
(Ib) ba*ba”b

x>y+2, y>0

Base Extendable
(Na) abw(baw)ka
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baaa*(aba)™b
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baaabaaabaaabaabaaabaab
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-1
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Minimal unsolvable) baaabab
~ ~
w W

abbbaba

Mp 2

abgbabgbabﬂbabbabgbabga

Non-extendable
(la) ab*ab”a
(Ib) ba*ba”b

x>y+2, y>0

'
l \

Base Extendable
(Na) abw(baw)ka
(b) baw(abw)kb

w=b" or w=a',

i>0 k>1
a — atp
M, = )
b — ab
e a — ba
YT b = bitla
| J
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Necessary and sufficient condition for unsolvability .

A word w € {a, b}* is unsolvable if and only if it contains a factor
of the form

[(aba)b*(baa)*a] or [(baa)a*(aba)*b]

where w € {a, b}*.

Non-extendable words Extendable words
(1a) ab*ab¥a (Na) abw(baw)ka
(Ib) ba*ba’b (1lb) baw(abw)kb

x>y+2 y>0 k>1, we{a, b}*
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Algorithm — Unsolvability of v

Non-extendable

if v contains pattern (Ia) or (Ib) then
L return UNSOLVABLE;

foreach v[i] # v[i+1] (i=1..n) do

swap(v[i] < v[i + 1]);

compute border array for v[i..n];

return UNSOLVABLE;

| swap(v[i] < v[i +1]);

return SOLVABLE;

(la) ab*ab”a
} n (Ib) ba*ba¥b

x>y+2, y>0

}o(n)

if v[i.j] = w* and v[j + 1] = v[i + 1] then Extendable

(Ma) abw(baw)ka
(b) baw(abw)*b

k>1, we{a b}"
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Algorithm — Unsolvability of v

—_——

[ —

Non-extendable

if v contains pattern (Ia) or (Ib) then
L return UNSOLVABLE;

foreach v[i] # v[i+1] (i=1..n) do

swap(v[i] < v[i + 1]);

compute border array for v[i..n];

return UNSOLVABLE;

| swap(v[i] < v[i +1]);

return SOLVABLE;

(la) ab*ab”a
} n (Ib) ba*ba¥b

x>y+2, y>0

}o(n)

if v[i.j] = w* and v[j + 1] = v[i + 1] then Extendable

(Ma) abw(baw)ka
(b) baw(abw)*b

k>1, we{a b}"
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Algorithm — Unsolvability of v Non-extendable

(la) ab*ab”a
(Ib) ba*ba’b

if v contains pattern (Ia) or (Ib) then }O( )
n
L return UNSOLVABLE;

foreach v[i] # v[i + 1] (i=1..n) do x>y+2,y2>0

swap(v[i] < v[i + 1]);
compute border array for v[i..n]; }O(n)

if v[i.j] = w* and v[j + 1] = v[i + 1] then Extendable

return UNSOLVABLE; (la) abw(ba W)k g

| swap(v[i] <> v[i +1]); (lb) baw(abw)*b

return SOLVABLE; k>1, we{a b}"

\
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Algorithm — Unsolvability of v

el
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@ Characterization of the language of Petri net unsolvable binary
words.

@ Method for checking minimal unsolvability for binary words.

o Efficient algorithm for testing unsolvability for binary words.
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Conclusions

@ Characterization of the language of Petri net unsolvable binary
words.

@ Method for checking minimal unsolvability for binary words.

o Efficient algorithm for testing unsolvability for binary words.

@ Larger alphabets
@ More complicated LTS's
@ Other classes of nets

@ Approximate solvability
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