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Regular expressions! match regular languages?

Regular expression is the minimal set of operations to express regular language
(my + ¢)(great)*grandfather

recursively enumerable

context sensitive

context free

regular
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Practical “regular” expressions are different and have various flavours

perl
&

S

PCRE2: a"b"
(a(71)7b)



What language class can be expressed by a particular regex flavour?



Expressive power of certain combinations of features was already known

Character class, interval quantifier, concatenation, alternative, iteration: RLs
Mm|y ((great){l,3}-grand)(fatherjmother)
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Character class, interval quantifier, concatenation, alternative, iteration: RLs
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Zero-width lookaround assertions: RLs
girls? need((?<=s need)|(?<=1 need)s)



Expressive power of certain combinations of features was already known

Character class, interval quantifier, concatenation, alternative, iteration: RLs
Mm|y ((great){l,3}-grand)(fatherjmother)

Zero-width lookaround assertions: RLs
girls? need((?7<=s need)|(?<=1 need)s)

Backreferences: some CSLs and not some CFLs

([a—=z]{10})\1



Formalisation of regex: matching relation3

Other formalisms exist

Definition
A matching relation ~ is of the form (r,x,i) ~ R where R ={i:i e NA¢ < |x| + 1}
(matching result).

Definition
The language of a regex r € Epg 4 x isL(r) ={x: (r,z,1) ~» RA|x|+1€ R}
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Formalisation of regex: matching relation3

Other formalisms exist

Definition
A matching relation ~ is of the form (r,x,i) ~ R where R ={i:i e NA¢ < |x| + 1}
(matching result).

Definition
The language of a regex r € Epg 4 x isL(r) ={x: (r,z,1) ~» RA|x|+1€ R}
Example Example (Lookahead)
ac ANi<|x|ANx[i]=a (r,z,i) ~R
(@a0) —~ {i + 1} (=r),@,0) — I AR £ 0}
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Formalisation of subroutine calls

Definition (Numbered Definition (Named subroutine
subroutine call) call)
(o), 1) ~» R (o(v(N)),®,i) ~ R

((?l),x,i) ~R (("P>N),x,i) ~ R



Formalisation of subroutine calls

Definition (Numbered Definition (Named subroutine
subroutine call) call)
(o), 1) ~» R (o(v(N)),®,i) ~ R
(D), 1) = R (PP>N).0) = R
Example

(a((71) | 5)b ab,2) ~ ()
((71),ab,2) ~ 0 (¢,ab,2) ~ {2}
(a,ab, 1) ~ {2} (((?1) | €),ab,2) ~ {2} (b,ab,2) ~ {3}

(a((?1) | e)b,ab, 1) ~ {3}

((?(DEFINE)(?7<S>a((?1) | )b),ab, 1) ~» {1}) ((?P>S),ab,1) ~ {3}

((‘?(DEFINE)(?<S>a(£?1) [ £)b)(7P>S5),ab, 1) ~ {3}



Example (Context-free languages)
{a"p"}, {ww'}



Example (Context-free languages)
{a""}, {ww™}

Definition (Context-free grammar)

A quadruple (V, A, R, S) where every
member of R is in the form of
N = v,ve (AUV)~

Definition (Derivation step in
CFG)

If vi —» vo € R then
pVv1S = pvas is possible.

Definition (Language generated
by grammar)

{xe A S ="a}



Definition (Derivation step in
Example (Context-free languages) CFG)
{a"p"}, {ww"} If vi — vy € R then

initi V1S = pvss is possible.
Definition (Context-free grammar) pvi pv2s is possi

A quadruple (V, A, R, S) where every Definition (Language generated
member of R is in the form of by grammar)
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S



Definition (Derivation step in
Example (Context-free languages) CFG)
{a"p"}, {ww"} If vi — vy € R then

initi V1S = pvss is possible.
Definition (Context-free grammar) pvi pv2s is possi

A quadruple (V, A, R, S) where every Definition (Language generated
member of R is in the form of by grammar)

N —=v,ve (AUuV)* {xe A S ="z}

Example

({S},{a,v},{S — aSb |}, 5)

S = aSb



Definition (Derivation step in
Example (Context-free languages) CFG)
{a"p"}, {ww"} If vi — vy € R then

initi V1S = pvss is possible.
Definition (Context-free grammar) pvi pv2s is possi

A quadruple (V, A, R, S) where every Definition (Language generated
member of R is in the form of by grammar)

N —=v,ve (AUuV)* {xe A S ="z}

Example

({S},{a,v},{S — aSb |}, 5)

S = aSb = aaSbb



Definition (Derivation step in
Example (Context-free languages) CFG)
{a"p"}, {ww"} If vi — vy € R then

_— vis = Si ible.
Definition (Context-free grammar) pu1 pY2s 15 possibie

A quadruple (V, A, R, S) where every Definition (Language generated
member of R is in the form of by grammar)

N —=v,ve (AUuV)* {xe A S ="z}

Example

({S},{a,v},{S — aSb |}, 5)

S = aSb = aaSbb = aacbb



Every context-free grammar can be expressed by a regex with subroutine
calls

Conversion of a CFG to an equivalent regex

({S},{a,b},{S — aSb | €}, 95)

1. r; =rx(aSb) = a(?P>S)b
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Every context-free grammar can be expressed by a regex with subroutine
calls

Conversion of a CFG to an equivalent regex

({S},{a,b},{S — aSb | €}, 95)

1. r; =rx(aSb) = a(?P>S)b
2. r9=¢
3. r = (?(DEFINE)(?<S>7 | 12))



Every context-free grammar can be expressed by a regex with subroutine
calls

Conversion of a CFG to an equivalent regex

({S},{a,b},{S — aSb | €}, 95)

r1 = rx(aSb) = a(?P>95)b

To =€

r = (?(DEFINE)(?<S>71 | r2))

r = (?(DEFINE)(?<S5>71 | 72))(?P>S)

B



Every regex with concatenation, alternative, and subroutine call can be
expressed by a context-free grammar

Conversion of a regex to an equivalent CFG

(?P>N)a(?(DEFINE)(?<N>¢ | b(?P>N)b | c(?P>N)c))

» &, = ({S:},{a,b,c},{S: = ¢},5:}), & = ({Sa},{a,b,c},{5% — a},Sa)...



Every regex with concatenation, alternative, and subroutine call can be
expressed by a context-free grammar

Conversion of a regex to an equivalent CFG

(?P>N)a(?(DEFINE)(?<N>¢ | b(?P>N)b | c(?P>N)c))

> &, — ({S.}, {a,b,c}, {S. — 2}, S.}), B4 = ({Sa}, {a,b, ¢}, {Su — a}, Sa). .
> Sepsn) = ({Sepsn), N1 {a b, et {Sepan) = N} Sepsn)
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» after constructing grammars for elementary expressions. . .
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Every regex with concatenation, alternative, and subroutine call can be
expressed by a context-free grammar

Conversion of a regex to an equivalent CFG

(?P>N)a(?(DEFINE)(?<N>¢ | b(?P>N)b | c(?P>N)c))
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> S pps>nyp = (Ve UVoepsnys U {Seprp>npts 1a: b, ¢, Re U Ryops vy U
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> .



Thus it is shown that subroutine calls match exactly context-free languages

Theorem
Lgs = Ler



Adding lookahead to a regex with subroutine calls extends it expressive
power

Theorem
IL‘Es - IL’ELs

Proof.

{a99c? : g e N} =
L((?=(?<Ny>a(e | (TP>Ny))b) c)aa™(?<Na>b(c | (TP>Ny))c))



Summary

» expressive power of expressions with concatenation, alternative, and subroutine
call is equivalent to the class of context-free languages

» algorithms to convert between regex and context-free grammar

P> expressive power of expressions with concatentation, alternative, subroutine call,
and lookahead is beyond context-free languages

Future work: expressive power of regex with both subroutine call and lookaround.
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