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Theorem (Biichi '62)
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e A alphabet, A“ = {all infinite words over A}

Theorem (Biichi '62)
Let L C A¥. The following are equivalent:

o L is Biichi recognizable

o L is MSO-definable

e L is w-rational

o L is Muller recognizable (McNaughton '66)

o Goal of this work:
Generalization to weighted automata

o Question: Is this task just a simple generalization?
o Answer:  No
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A= (Q,in, wt, out)

Q : finite state set

in: @ — K initial distribution
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Q : finite state set

in: @ — K initial distribution
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out : @ — K final distribution
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Weighted automaton over A and K (Schiitzenberger '61)
A= (Q,in, wt, out)

Q : finite state set

in: @ — K initial distribution

wt: Q@ X AxX Q — K weight transition mapping
out : @ — K final distribution

a path of A over w = apay ...a,_1 € A*:
Puw = (ti)o<i<n—1, ti = (gi, @i, qi+1) (0<i<n—1)
weight(Pw) :=in(qo) - ] wt(t:)-out(gn)
0<i<n-—1
behavior of A: || Al : A* — K
w — Y weight(P,)
Pw

a path of A over w = gpa; ... € AY :
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A alphabet, K semiring

Weighted automaton over A and K (Schiitzenberger '61)
A= (Q,in, wt, out)

Q : finite state set

in: @ — K initial distribution

wt: Q@ X AxX Q — K weight transition mapping
out : @ — K final distribution

a path of A over w = apay ...a,_1 € A*:
Pw = (ti)o<i<n—1, ti = (gi, @i, gi+1) (0 <i<n—1)
weight(Pw) :=in(qo) - ] wt(t:)-out(gn)

0<i<n-—1

behavior of A: || Al : A* — K
w — Y weight(P,)
Py

a path of A over w = aga; ... € AY :
Py = (ti)ix0, ti = (g, ai, gi+1) (i > 0)
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A alphabet, K semiring

Weighted automaton over A and K (Schiitzenberger '61)
A= (Q,in, wt, out)

Q : finite state set

in: @ — K initial distribution

wt: Q@ X AxX Q — K weight transition mapping
out : @ — K final distribution

a path of A over w = apay ...a,_1 € A*:
Puw = (ti)o<i<n—1, ti = (gi, @i, qi+1) (0<i<n—1)
weight(Pw) :=in(qo) - ] wt(t:)-out(gn)
0<i<n-—1
behavior of A: || Al : A* — K
w — Y weight(P,)
P

a path of A over w = aga; ... € AY :

Puw = (ti)i>0, ti = ( nauql+1) (i>0)
Problem: weight(P, ) =
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Solution
o Consider complete semirings
o S. Eilenberg, Z. Esik & W. Kuich, M. Droste & G. Rahonis

o Very particular automata
o K. Culik Il & J. Karhumaki
e real functions, digital image processing

@ Discounting as in
mathematical economics, game theory, Markov processes

o M. Droste & D. Kuske )

@ We adopt the discounting method
@ Underlying semirings:
o max-plus: Rmax = (Ry U {—00},V, 4+, —00,0)
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Solution
o Consider complete semirings
o S. Eilenberg, Z. Esik & W. Kuich, M. Droste & G. Rahonis

o Very particular automata
o K. Culik Il & J. Karhumaki
e real functions, digital image processing

@ Discounting as in
mathematical economics, game theory, Markov processes

o M. Droste & D. Kuske )

@ We adopt the discounting method
@ Underlying semirings:

o max-plus: Rmax = (Ry U {—00},V, 4, —0,0)
o min-plus: Rpyin = (Ry U{co}, min, +, 00,0)
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e peR,, p-(—0)=—00
o the mapping p: Ryax — Rpyax, XH— p-x
is an endomorphism of R ax
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e peR,, p-(—0)=—00
o the mapping p: Rpax — Riyax, XH— p-x
is an endomorphism of R ax

@ Each endomorphism of R« is of the above form
(Droste and Kuske '06)
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@ A weighted Biichi automaton over A and Ryax : A = (Q, in, wt, F)
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o @ : finite state set
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o Q@ : finite state set
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o wt: Q@ X AX Q — Rpax weight transition mapping
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o A weighted Biichi automaton over A and Ryax : A = (Q, in, wt, F)

Q : finite state set

in: Q — Rumax initial distribution

wt: Q X AX Q — RRpax weight transition mapping
F C Q : final state set

o A weighted Muller automaton over A and Ryax : A = (Q, in, wt, F)
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o A weighted Biichi automaton over A and Ryax : A = (Q, in, wt, F)

Q : finite state set

in: Q — Rumax initial distribution

wt: Q X AX Q — RRpax weight transition mapping
F C Q : final state set

o A weighted Muller automaton over A and Ryax : A = (Q, in, wt, F)

e @, in, wt as above
o F C P(Q) final state sets.

@ a path of A over w = aga; ... € AV :
Py = (ti)i>o, ti = (qi, ai, gi+1) (i = 0)
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Q : finite state set

in: Q — Rumax initial distribution

wt: Q X AX Q — RRpax weight transition mapping
F C Q : final state set

o A weighted Muller automaton over A and Ryax : A = (Q, in, wt, F)

e @, in, wt as above
o F C P(Q) final state sets.

@ a path of A over w = gpa;1... € A¥ :
Py = (ti)iz0. ti = (gi, aj, gi+1) (i > 0)
elet0<p<«l1

CIAA 2007 (Prague) M. Droste, G. Rahonis July 16, 2007 6 /19



o A weighted Biichi automaton over A and Ryax : A = (Q, in, wt, F)

Q : finite state set

in: Q — Rumax initial distribution

wt: Q X AX Q — RRpax weight transition mapping
F C Q : final state set

A weighted Muller automaton over A and Rpax : A = (Q, in, wt, F)

e @, in, wt as above
o F C P(Q) final state sets.

a path of A over w = aga; ... € AY :
Puw = (t)i>o0. ti = (i, ai, gi+1) (i > 0)
let0<p<1

weight(Py, ) := in(qo) + _;OPI - wt(t;)
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o A weighted Biichi automaton over A and Ryax : A = (Q, in, wt, F)

Q : finite state set

in: Q — Rumax initial distribution

wt: Q X AX Q — RRpax weight transition mapping
F C Q : final state set

A weighted Muller automaton over A and Rpax : A = (Q, in, wt, F)

e @, in, wt as above
o F C P(Q) final state sets.

a path of A over w = aga; ... € AY :
Puw = (t)i>o0. ti = (i, ai, gi+1) (i > 0)
let0<p<1

weight(P.) := in(qo) + §0Pi - we(t;)

o C=max{in(q), wt(t) |ge Q t€ QxAxQ}
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o A weighted Biichi automaton over A and Ryax : A = (Q, in, wt, F)

Q : finite state set

in: Q — Rumax initial distribution

wt: Q X AX Q — RRpax weight transition mapping
F C Q : final state set

A weighted Muller automaton over A and Rpax : A = (Q, in, wt, F)

e @, in, wt as above
o F C P(Q) final state sets.

a path of A over w = aga; ... € AY :
Puw = (t)i>o0. ti = (i, ai, gi+1) (i > 0)
let0<p<1

weight(P.) := in(qo) + §0Pi - we(t;)

C =max{in(q),wt(t) |g€ Q. t € QX AX Q}

weight(P,) < C+ C- li—p <
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o In?(P,)=1{q€ Q|3 :ti=(q,a,q+1)}
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o In?(P,)={qe Q|3 :t=(q a qis1)}

In?(P,)NF # @ Biichi
Pw

e P, is successful if { In®(P,) € F Muller
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In?(Py) ={q€Q|3:ti=1(q a.qi+1)}

In?(P,)NF # @ Biichi
In®(P,) € F Muller

P,, is successful if {

The p-behavior of A: || Al : AY — Rmax
w— \/  weight(Py,)

P., successful

(]
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In?(Py) ={q€Q|3:ti=1(q a.qi+1)}

InQ(Pw) NF #@ Biichi
In®(P,) € F Muller

P,, is successful if {

The p-behavior of A: || Al : AY — Rmax
w— \/  weight(P,)

P, successful

Example a € A, k € Ry, Biichi automaton A = ({q}, in, wt, {q})
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In?(Py) ={q€Q|3:ti=1(q a.qi+1)}

In?(P,)NF # @ Biichi
In®(P,) € F Muller

P,, is successful if {

The p-behavior of A: || Al : AY — Rmax
w— \/  weight(P,)

P, successful

Example a € A, k € Rp,x, Biichi automaton A = ({q}, in, wt, {q})

in(g) =0
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o In?P,)={qeQ|Ii:ti=(q a.qi+1)}

In?(P,)NF # @ Biichi

e P, is successful if { I (P,) € F Muller

@ The p-behavior of A: || A : AY — Rmax
o wi— \/  weight(Py)

P, successful
e Example a € A, k € Rp.x, Biichi automaton A = ({q}, in, wt, {q})
e in(q) =0
e wt(qg,a,q) =k, wt(q,d,q)=0(a €A d #a)
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In?(Py) ={q€Q|3:ti=1(q a.qi+1)}

In?(P,)NF # @ Biichi

P, is successtul if { In®(P,) € F Muller

The p-behavior of A: || Al : AY — Rmax
w— \/  weight(P,)

P, successful
Example a € A, k € Rp,x, Biichi automaton A = ({q}, in, wt, {q})
in(q) =0
wt(q,a,q) =k, wt(q,a',q) =0(a € A d #a)
Then w — k- Z p'

i€w,aj=a
gives the discounted cost of a's in w
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e RALC ™ ((A¥)) = {all Biichi (or w-) recognizable series}
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o RALC ™ ((Av)) = {all Biichi (or w-) recognizable series}

o RELY " ((A%)) = {all Muller recognizable series}
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o RALC ™ ((Av)) = {all Biichi (or w-) recognizable series}

o RELY " ((A%)) = {all Muller recognizable series}

Theorem (first main result)

RP-w—rec <<Aw>> —_ IRp—M—rec <<Aw>>

max max
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o RALC ™ ((Av)) = {all Biichi (or w-) recognizable series}

o RELY " ((A%)) = {all Muller recognizable series}

Theorem (first main result)

RO ((A)) = REM 7 ((A°))

max

o RAL " ((AY)) is closed under max, sum and scalar sum and

application of strict alphabetic homomorphisms h : A — B% and
their inverses
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o RALC ™ ((Av)) = {all Biichi (or w-) recognizable series}

o RELY " ((A%)) = {all Muller recognizable series}

Theorem (first main result)

RO ((A)) = REM 7 ((A°))

max

o RAa "™ ((AY)) is closed under max, sum and scalar sum and
application of strict alphabetic homomorphisms h : AY — B% and

their inverses

max

o Let L € w— Rec(A). Then 1; € Rha" " ((A¥)).
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Weighted MSO logic with discounting

Definition

The syntax of the weighted MSO-formulas over A and Ryax is given by

9= k| Pa(x) | 7P5(x) | S(x,y) | =S y) [ x <y | ~(x < y)
IxeX | (xeX) |V | oA | Ix.p|3IX.@|Vx.q
k € Ryax, a € A.

@ MSO(Rpax, A) = {all weighted MSO-formulas over A and Ry ax }-
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Weighted MSO logic with discounting

Definition

The syntax of the weighted MSO-formulas over A and Ryax is given by

9= k| Pa(x) | 7P5(x) | S(x,y) | =S y) [ x <y | ~(x < y)
IxeX | (xeX) |V | oA | Ix.p|3IX.@|Vx.q
k € Ryax, a € A.

@ MSO(Rpax, A) = {all weighted MSO-formulas over A and Ryax }-

@ Representation of w = aga; ... € AY, by w := (w, <, (RQ)QGA)
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Weighted MSO logic with discounting

Definition

The syntax of the weighted MSO-formulas over A and R.x is given by

9= k| Pa(x) | 7P5(x) | S(x,y) | =S y) [ x <y | ~(x < y)
IxeX | (xeX) |V | oA | Ix.p|3IX.@|Vx.q
k € Ryax, a € A.

@ MSO(Rpax, A) = {all weighted MSO-formulas over A and Ryax }-

@ Representation of w = aga; ... € AY, by w := (w, <, (Ra)aeA)
where R, :={i€w|a =a} (a€A)

o Consider ¢ € MSO(Rmax, A), Ay = A X Free(¢)

e w € AY, o : assignment of free variables of ¢ to positions /

sets of positions in w
w
(w,0) € AG
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Definition (Semantics of MSO(RRax, A)-formulas)

Semantics of ¢ € MSO(Rmax, A) = |||l :+ AY — Rinax-
The coefficient (||¢]|, (w, o)) € Ruyax is defined inductively (o a valid

assignment) by:

o Ikl (w,0)) =
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Definition (Semantics of MSO(RRax, A)-formulas)

Semantics of ¢ € MSO(Rmax, A) = |||l :+ AY — Rinax-
The coefficient (||¢]|, (w, o)) € Ruyax is defined inductively (o a valid

assignment) by:
o ([[k]l, (w,0)) = k

o ([P-C)Il. (w,0))

0 ifaj=afori=oc(x)
—oo  otherwise
0 fox)+1l=c
o (ISGy)ll, (w.0)) = { O eV

Lwop={ S, T ka2

° (Ix<y
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o (| = { H(PH E gg zo—oo , provided that
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Definition (Semantics continued)

° (levyll, (w,a)) = (el (w,a) V¢l (w, )
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Definition (Semantics continued)

o (levyll.(w,a)) = (el (w,a) V¢l (w, )
° (lenwll. (w,a)) = (el (w, )+ (¢l (w,0))
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Definition (Semantics continued)

o (levyll.(w,a)) = (el (w,a) V¢l (w, )
o (lenwll. (w,a)) = (el (w,a)) + (¢l (w,0))
o (I[3x.oll. (w.0)) =\ (gl (w.olx — i)
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o (levyll.(w,a)) = (el (w,a) V¢l (w, )
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Definition (Semantics continued)
o (levyll, (w.a)) = (el (w.a)) V¢l (w o))
o (lerygll, (w.a)) = (lell (w.a)) + (¢l (w. o))
o (II3x.oll. (w.0)) =\ (lgll. (w.olx — i]))

o (II3X. ol (w,0)) =\ (ol (w.olXx — 1))
ICw
o ([Ivx.oll.( Zp (lell, (w,olx — 1))
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Definition (Semantics continued)
o (levyll, (w.a)) = (lell (w.a) Vv ¥l (w )
o (lerygll, (w.a)) = (lell (w.a)) + (¢l (w. o))
o (II3x.oll. (w.0)) =\ (lgll. (w.olx — i]))

o (II3X.gll. (w.0)) =\ (ol (w,o[X — 1))
ICw
° ([Ivx. ol ( =2 (ol (w,olx — i1)).

o Example Let ¢ = Vx.(P,(x) — k), k € Rpax.
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Definition (Semantics continued)

° (levyll.(w,a)) = (el (w, o) v ¢l (w, )
o (lenwll. (w,a)) = (el (w,a)) + (¢l (w,0))
o (II3x.oll. (w.0)) =\ (lgll. (w.olx — i]))

iEw

o (II3X.gll. (w.0)) =\ (ol (w,o[X — 1))
ICw
° ([Ivx. ol ( =2 (ol (w,olx — i1)).

o Example Let ¢ = Vx.(P,(x) — k), k € Rpax.
o Then (g, w)=k- ¥ p

i€w,aj=a
returns the discounted cost of a’s in w.
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Definition

o A formula ¢ € MSO(Rmax, A) is almost existential if whenever ¢
contains a subformula Vx. 1,
then 1 does not contain any universal quantifier.
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then 1 does not contain any universal quantifier.
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Definition

o A formula ¢ € MSO(Rmax, A) is almost existential if whenever ¢
contains a subformula Vx. 1,
then 1 does not contain any universal quantifier.

@ Purely syntactic definition!

o RALT ((A¥))) : all series in Rpax ((A%))
which are definable by some almost existential sentence in
MSO(Rmax, A)
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Theorem (second main result)

]Rp—w—rec <<Aw>> — Rp—aemso <<Aw>>

max max
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@ By induction on the structure of weighted MSO-formulas
we show RAL2“™ ((AY)) C Rhax " ((AY)) .
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@ By induction on the structure of weighted MSO-formulas
we show RAL2“™ ((AY)) C Rhax " ((AY)) .

@ Crucial steps:
If ||¢]|| takes on only finitely many values, then

e sodo ||3x.¢| and [|3X.¢|, and
o ||Vx. | is w-recognizable.

@ Conversely, given any weighted Muller automaton A
we can effectively construct an almost existential sentence ¢ such

that [|A] = o]
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Proof.
@ By induction on the structure of weighted MSO-formulas
we show RAL2“™ ((AY)) C Rhax " ((AY)) .
@ Crucial steps:
If ||¢]|| takes on only finitely many values, then

e so do ||3x.¢| and [|3X.¢], and
o ||Vx. | is w-recognizable.

e Conversely, given any weighted Muller automaton A
we can effectively construct an almost existential sentence ¢ such

that [lA] = o]

@ In the paper we have shown corresponding results for finitary series
(over finite words).
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e Semiring (K+,+,0,1): additively locally finite
if for all x € K, {nx | n > 0} is finite
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e Semiring (K+,+,0,1): additively locally finite
if for all x € K, {nx | n > 0} is finite

Examples
any idempotent semiring

any field of prime characteristic

the semiring of polynomials (K[X],+,-,0,1) over a variable X and
an additively locally finite semiring K.

Let K be a computable, additively locally finite, commutative semiring, or
let K = Rpax or K = Riyin. Let 0 < p < 1. Given an almost existential
MSO(K, A)-formula ¢ whose atomic entries from K are effectively given,
we can effectively compute a weighted automaton, resp. a weighted Muller
automaton, A such that || ¢|| = || A]l.
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Other work

Weighted automata and weighted logics on

@ finite words
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