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Definition: Permutation

A permutation is a bijection IT: £ — X mapping

every symbol o; €X to a distinct symbol c; €X.

- <abcdefg>
"~ \aceghbd f
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Definition: Partial Permutation

A partial permutation is a bijection
Toar - 21 — 2, Mapping a subsetX,c X to

a subset Z, c 2, where |[Z,| = |Z,].

~/abcdef g
Toar Tlg - e - b- -

dimension =7
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Partial Permutations Comparison
and Maintenance

Input: Sets A,, A, of d-dimensional partial
permutations over alphabet %.

Goals: - Be able to compare n, andn,, n;, € A, € A,.
- Maintain a dynamic set of partial permutations,

supporting search operations.
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Applications

« (Gene Sequence Comparisons.

« Color Transformations as Data Augmentation
Technique.

« Strict Parameterized Dictionary Matching with

One Gap.

CPM 2022



Comparison of Partial Permutations
abcdef g /fabcdef g
=-\a-cd---/) ™ \a-cd-- -

abcdef g /fabcde T g
m=\a-cd---/)"\laec-g - b




Definition:
Conflict of Partial Permutations

Partial permutations =, w, have a conflict if either:
* 31, 1#], s.t. 3 o where () = o; and ni,(c) = o;

* 31, 1#], s.t. 3 g where m;(6;) = m,(0;) = o
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Example of Conflicting Partial Permutations

_abcdefg> /fabcdef g
mFlabcef --- )™ e- -g-b

_abcdefg> /fabcde T g
mTla-cd-- -/ "\ ¢c--g -
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Universal Condition of Partial
Permutation Agreement

Lemma :

Let D(r) be the domain of , and C(x) be the codomain of =.

Partial permutations =, m, agree Iiff :
* Vo,eD(n,)ND(n,) if n,(c,) =oc; thenn,(c,) =c;

* Vo, eC(n,)NC(n,) If n,(c;) =0, thenn,(c;) =c,
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Example of Partial Permutations
Agreement

abcdef g /fabcde T g
m=\a-cd---/"\-ec-g-b

m, T, agree
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Representing Partial Permutations

A partial permutation © can be represented as a

string S, of length [2|. S,= nt(c;) 7(o,)... w(C)5)),

where n(c;) = * (a don’t care symbol) if o; ¢ D(n)

~/abcde T g
Example: Let 7= | _ e--qg - b

We have that S =xe**xg=*Db PV 2022



Representing Partial Permutations

Let S,cl Sn2 be strings representing partial
permutations. It is possible that ST,:1 matches S,t2 yet

the permutations they represent have a conflict.

abcdef /fabcde f
7t1:<e(;d._. 7Tz_eC--d-

S. =ecd==*=* matches

1
S,_ =ec*=xd=x
. CPM 2022



Definition: The Inverse of a Partial
Permutation

Let & be a partial permutation over %, where n:2,—%,,
2, X, Z,cxand X =%,
The inverse of a partial permutation Is the bijection =:

Y, — % st Vo, e, n o) = g; iff n(c;) = o;

H:<abco|efg> H_1:<abcdefg>
- e--9g-b -g --b-e
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Representing Partial Permutation
Agreement

Lemma : Given partial permutations 7, 7, then,
S,t1°S,t1'1 matches S,tZ°S,T2'1 Iff 7, and 7, agree.

[° denotes concatenation]

abcdef> /fabcde f
MTecd - - - 7 lec- - d -

S °S l=zecd=*=*=*°xxpca=
L |

S °S ‘l=ec**d*°*xxphea=
T, T CPM 2022



The Partial Permutations Agreement
Problem (PPA)

Input: Sets A,, A, of d-dimensional partial
permutations over alphabet X, where |A,| = |A,| = n.
Output: All pairs (m, m,), Ty € A, m, € A,where m; and

m, agree.

If |A,| = n and |A,| =1, the problem is called the Single
query PPA problem (SPPA) o0



Naive Solution for PPA Problem

For each pair (m, m,), meA, m,eA,

Match S_°S_-1 withS_°S_ -1
1 1 2 2 .

Time: O(n?X|)
Space: O(n|Z|)
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The Orthogonal Vectors Problem (OV)

Input: Sets S;, S, of binary d-dimensional vectors

where |S,| =|S,| = n, d=w(log n).
Output: Decide whether there exist v,€S,, v,€S,,
where v, -v, = 3% v, [i] - v,[i] = 0.

CPM 2022



Fine Grained Complexity

Theorem [Impagliazzo & Paturi, 2001]:

Given sets S,, S, of binary d-dimensional

vectors, where |S,|=|S,|= nand d = ©(log n),
there does not exist €0 s.t. OV is solvable In
O(n2#¢) time unless the Strong Exponential

Time Hypothesis (SETH) is false.
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Lemma

OV is reducible to Partial Permutations

Agreement (PPA) in O(nd) time and space.

Given (S, S,, n, d) € OV we construct A, A,, 2
where v,eS, V,€S, s. t. v,, v, are orthogonal iff

there are mie A meA, s.t. m agree with mr,
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The Reduction

Given sets S;, S, of n d-dimensional binary vectors, we
construct sets A, A, of partial permutations over X.

We set |Z|= d+1.

vv=(b', bl,,...,b')ES, we construct a partial permutation

gadget including the mapping of o, €X iff b', =1 vi<k<d

V;=(1,0,1,1,0,0) ~/abcdef 0
o= -'“Vi‘<?-??--->



The Construction for S, Vectors

For v, = (b'}, b',,...,0")) €S,, their associated gadget ny,

has the following mapping:
¢ VGkEZ |f bik:]. V1<k<d, then RVI(O'k) :Gk

 Consider b'y,;,=0

1 2 3 4 5 6 7

abcdefg>
a-cd-- -

CPM 2022

Vi=(1,0,1,1,0,0)€S, mmp, = <



The Construction for S, Vectors

For v; = (b, bl,...,bly) €S,, their associated gadget m, has the

following mapping:
e VoeXif b, =1 vi<k<d, then nvj(crk) =0, Where o,

Is the symbol that is cyclically to the right of G}, in the
sorting of D(n\,j)
« Consider by, =1 1

_[a
vi=(0,1,0,0,1,0)€S, =h Ty, = <

5 7
e g
o g ) QI\/I 2022




The Reduction Proof

* Letv,eS,, v,eS, be non-orthogonal. Thus, v;-v,>1

implying there exists at least one index k, s.t. b!,=1 and b?, =1.

* According to the construction 7y, (o,) =0}

Yet, nv, (6,) =04 Where o, is the symbol that is cyclically to

the right of 6, in the sorting of D(my,))

Due to the addition of G4, only to7tv, , v, (G}) #G

Hence, 7y, (0,) # 7v, (0y) and there is a conflict.
CPM 2022



Example of the Reduction Proof

* Letv,eS,, v,e€S, be non-orthogonal. Thus, v;-v,>1

implying there exist at least one index k, s.t. b!,=1 and b? =1.

v,=(,14,1,1,00€S, v,=(014,0,0,0,0)€S,

{ {
_/albjcdet 0o _/albjcdet g
™iZ\albjcd - - -/ ™=\ |g|-- - - b




The Reduction Proof

* Letv,eS,, v,eS, be orthogonal. Thus, v;-v, =0 implying at
most one of {b%, , b4 } equals 1, v 1<k <d.

According to the construction: If bl =1 then my, (o)) =0y

Yet, bzk:O, thus Oy & D(TCVZ) :

It is not possible that nv, (o,) =0y, for 6,#c,, as av, maps o, to

9

a symbol that is in the sorting of D(x) , and D(nv,) = C(nv,)

Hence, there is no conflict. CPM 2022



Example of the Reduction Proof

* Letv,eS,;, v,€S, be orthogonal. Thus, v;-v, =0 implying at
most one of { bl , b% } equals 1, v 1<k <d.

« We get that the gadget partial permutations agree.

v,=(1,0,1,1,0,00eS, Vv,=(0,1,0,0,1,0) €S,

] ﬂ
~/abcdel 0o /abcdel g
™i=la-cd---/) ™7"\-e--g-b



Results

Positive: Negative:
Almost Full Perm. Partial Permutations
PPA query: PPA query: If PPA is solvable In
O(n-poly([Z])) O(n-poly(|x])) O(n*2| ) time (e>0)

Update O(poly(=)) | Update O(poly(=))) | and O(n[Z|) space,
Space: O(n-poly(|Z|)) | Space: O(n-poly(|Z[)) | then SETH is false.
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Open Issues

* |Is there an efficient solution for PPA for special

cases?
* It seems that partial permutations play a hidden
role in more applications. It may be interesting to

explore their algorithmic usage.
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